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Chapter (1) 

System of linear equations 

1.1. Matrices 

 A matrix over a field F (Field of scalars) is a rectangular array of scalars ija  of the 

form, 
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Matrices will usually be denoted by a capital letters and the elements by a small letters as, 

     .,...,3,2,1,,...,3,2,1,][ njmiaA ij                      (1.2) 

The m-horizontal n-tuples ),...,,( 11211 naaa ,   ),...,,( 22221 naaa , .  .  . , 

),...,,( 21 mnmm aaa , are the rows of the matrix and the  n-vertical  m-tuples, 
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1

, 

are its columns. The element ija  is called the ij-component, appears in the ith rows and jth 

column. 

The matrix  mxnA  is a matrix with m rows and n columns and is called m by n matrix. 

The pair of numbers (m, n) is called its size or shape. 

 

1.1.1 Basic Definitions  

(1)  Equality of matrices: Two matrices A and B are said to be equal if A and B have the 

same size and the corresponding elements are equal, i.e.  if  ][ ijaA   and ][ ijbB   with  

ijij ba    for   njmi  1,1 . 

 

(2) Addition of matrices: Let  ][ ijaA   and  ][ ijbB   be of the same size. The sum of  A  

and  B , written   A  +  B  , is the matrix obtained by adding corresponding elements of  A  

and  B, that is, 
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  ][ ijij baBA
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(3) Subtraction of matrices: Let  ][ ijaA   and  ][ ijbB   be of the same size. The 

subtraction of the matrices , written   A  -  B  , is the matrix obtained by subtracting the 

corresponding elements of  A  and  B, that is, 

  ][ ijij baBA
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(4) Scalar multiple of a matrix: Let  ][ ijaA   and a scalar  Fk  , then the product kA is 

the matrix obtained by multiplying each element of  A by  k : 
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(5) Additive inverse of a matrix: Let  ][ ijaA  , then  -A is the matrix obtained by replacing 

the elements of  A by their additive inverses, that is, 
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(6) The zero matrix:  It is the matrix whose elements are zero,  O ]0[  ija  

   





















0...00

....

0...00

0...00

O  

 

 



 3 

Theorem (1). Let V be the set of all mn matrices over a field F. Then for any matrices  

VCBA ,,  and any scalars  Fkk 21 ,  , 

..0,.1)(.)()()(

.)()(.)()(
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.)(.)()()(
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Example (1).  Let  
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1.1.2 Matrix Multiplication  

Let  ][ ijaA   be a matrix of size mn  and  ][ jkbB   be a matrix of size  np  (that is the 

number of columns of  A  equals the number of rows of  B). Then the product AB is the mp 

matrix  ][ ikcC    where, 

  ininkiki

n

j

jkijik babababac  


...2211

1

 .                      (1.7) 

i.e. to find the element  ijc  (the element in row i and column j of AB) single out row i from 

the matrix A and column j from the matrix B, and multiply the corresponding elements from 

the row and column together and then add up the resulting products. 
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Example (2). 
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From (ii) and (iii) from the above example, we note that, 
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that is the matrix multiplication in general is not commutative, i.e.  ABBA  . 

 

Note that : The definition of matrix multiplication requires that the number of columns of the 

first matrix A be the same as the number of rows of the second matrix B in order to form the 

product AB. If this condition is not satisfied, the product is undefined. 

 

 

 

          

Theorem (2). 

                 )()()( CBACBAi                   (Associative law) 

      ACABCBAii  )()(                     (Left distribution law) 

      BCACCBAiii  )()(      (Right distribution law) 

      )()()()( BkABAkBAkiv        where k is a scalar .         

We assume that the sums and products in this theorem are defined. 
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Transpose of a Matrix.  

The transpose of a matrix A, denoted by TA , is the matrix obtained by writing the rows of A, 

in order, as columns: 
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In other words, if  ][ ijaA  is a matrix of size  mxn , then  ][ T

ij

T aA   is the nxm matrix, 

where ji

T

ij aa    for all i and j . 

Note that the transpose of a row vector is a column vector and vice versa. 

The transpose operation on matrices satisfies the following properties: 

 

Theorem (3). 

AAiiBABAi TTTTT  )()()()(  

)()()()()( scalarakAkkAivABBAiii TTTTT   

 

Note that in (iii) the transpose of a product is the product of transpose, but in the reverse 

order. 

 

Example (3)   

 Find  A B  using the given partitioning for  A  and  B, 
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Solution. 
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1.1.3 Square Matrices  

A square matrix is a matrix with the same number of rows as columns. An nxn square matrix 

is said to be of order n and is called an  n-square matrix. 

The square matrix obey all the above properties of matrices (addition, multiplication, 

transpose,  .,  .,  .). 

 

Commuting matrices. Two matrices A and B are said to commute if: AB = BA. 

In example (2,ii, iii) above, the two matrices 
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Example (4). Find all matrices M2x2 that commute with  
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Solution.   Let   
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Set   ,AMMA   to obtain the four equations 

 tztzzyxtyxzx  ,,, . 

From the first or last equation,   0z ;  from the second equation,  tx  . Thus  M is any 

matrix of the form,         
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Diagonal, Trace and Identity matrix. 

 Let  ][ ijaA   be an n-square matrix. The diagonal (main diagonal) of A consists of 

the elements .,...,,..,1, 2211 nnii aaaeinia   

The trace of  A, written  tr A , is the sum of the diagonal elements, that is, 

  



n

i

iinn aaaaAtr
1

2211 ... .                                        (1.8) 

The n-square matrix with s'1  on the diagonal and s'0 elsewhere, denoted by nI or simply I , is 

called the identity (unit) matrix.  
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I                                               (1.9) 

The matrix I is similar to the scalar 1 in that for any matrix A (of the same order), 

    AAIIA  .                                                     (1.10) 

More generally:  If  B is an (mxn) matrix, then , 

  BIB n           and             BBIm  . 
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Theorem (5).  

      Let ][ ijaA    and  ][ ijbB   are n-square matrices and  k is a scalar. Then 

      .)(,*)(,)()( ABtrBAtriiiAtrkkAtriiBtrAtrBAtri   

 

 

1.1.4 Invertible (Non-Singular) Matrices 

          A square matrix A is said to be invertible (or non-singular) if there exist a matrix  B 

such that:   

                                                       IABBA   , 

where I is the identity matrix. Such a matrix B is unique. The matrix B is called the inverse of  

A, and is denoted by  1A .  Observe that the above relation is symmetric, that is, if  B is the 

inverse of  A , then  A is the inverse of  B. 

 

Example (5). 

         Let   
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Thus,     BA 1   and  AB 1 ,  i.e.  A  and  B are invertible. 

         Note that it is enough to prove that  IABorIBA   to show that  A  and  B are 

invertible. 

Example (6). 

        Let   
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Thus,     BA 1   and  AB 1 ,  i.e.  A  and  B are invertible. 
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Special Types of Square Matrices. 

Diagonal Matrices.

 
             A square matrix   ijdD    is diagonal if its non-diagonal elements are all zero. For 

example, 
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The diagonal matrix may be notated as  ),...,,( 2211 nnddddiagD  , where some or all of  

iid  may be zero. The above matrices may be written, respectively, as 

       )3,0,1,2(),1,3,2(,)3,1(  diagdiagdiag . 

Note that any two n-diagonal matrices commute. 

 

Triangular Matrices. 

              A square matrix ][ ijaA   is an upper triangular matrix or simply a triangular 

matrix if all elements below the main diagonal are equal to zero, that is  

jiforaij  ,0 . For example 
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              A square matrix A is an upper triangular matrix if all elements above the main 

diagonal are equal to zero, that is  jiforaij  ,0 . For example                          
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Example (7). Find a lower triangular matrix  A such that  
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 4,9 22  zx   and   15)(  yzx  . Thus  2,3  zx .  

From the third equation, 

   if  32,3  yzx ,              if  32,3  yzx , 

  if  152,3  yzx ,              if  152,3  yzx . 

Hence, we have four matrices, 
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Symmetric Matrices. 

 A square matrix ][ ijaA   is symmetric if  AAT  , that is, each jiij aa  . 

A square matrix ][ ijaA   is skew-symmetric if  AAT  , that is, each jiij aa  . In the 

skew-symmetric, the diagonal elements must be zero since iiii aa  . 

 

Example (8).                
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The matrix  A  is  symmetric and the matrix  B is skew-symmetric, while  C  is neither 

symmetric nor skew-symmetric. 

Exercises 1.1 

(1)     If      
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(3) Find  AB and  BA if exist, for the following matrices, 
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 (4)  Find  TAA  and AAT ,   where     
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 (5)  Let    
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      (a) Find  A
2
  and  A

3
 .            (b) Find  f(A) ,  where   .542)( 3  xxxf  

      (c) Find  g(B) ,  where   .8)( 2  xxxg  

(6)  Let    .
0

25










k
A  Find all numbers k for which A is a root of the polynomial 

     (a)  ,107)( 2  xxxf         (b) ,25)( 2  xxg           (c)  ,4)( 2  xxh  

 

 (7)  Show that   )( IkA    and   )( IkB   commute for every scalar k if and only if  A       

and  B  commute. 

 

(8) For the following matrices, show that  IABBA  , 
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(9) Find an upper triangular matrix  A such that  
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1.2 Determinants 

 Each n-square matrix   ijaA    is assigned a special scalar called the determinant of  

A , denoted by  ][det A or  A or  as  nxn array of the scalars  ija  enclosed by straight 

lines, 
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This form is called determinant of order n.  

            We begin with the special case of determinants of orders one, two, and three. Then we 

define a determinant of arbitrary order. 

 

Determinants of orders one and two. 

Determinants of orders one and two are defined as follows, 

                                                     1111 aa   .                                                      (1.11) 
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Example (9). Find the determinants of the following matrices, 
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Determinants of order three. 

Consider the arbitrary  33 matrix   ijaA  . The determinant of  A is defined as follows, 
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232221
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         (1.13) 

Observe that there are six products, each product consisting of three elements of the original 

matrix. Three of the products are plus-labeled (keep their sign) and three of the products are 

minus-labeled (change their sign). 

These six products may be obtained by many techniques. 

Method (1). 

The determinant of the 33 matrix   ijaA   may be written as, 
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12
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11
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a

aa

aa
a                                        (1.14) 

           .322311332112312213322113312312332211 aaaaaaaaaaaaaaaaaa   

The determinant of the 33 matrix may be written as a linear combination of three 

determinants of order two whose coefficients (with alternating signs) form the first row of the 

given matrix A . 

Note that each 22 matrix can be obtained by deleting, in the original matrix, the row and 

column containing its coefficient. 

 

Method (2). 

We can use the following diagrams to write ][det A  as the sum of the products of the 

elements along the three plus-labeled arrows plus the sum of the negatives of the products of 

the elements along the three minus-labeled arrows. There is no such diagrammatic device to 

remember determinants of higher order. 
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Method (3). 

We can also obtain   ][det A as follows. Repeat the first and second columns of A as shown 

below. Form the sum of the products of the elements on the lines from left to right, and 

subtract from this number the products of the elements on the lines from right to left. 

333231

232221

131211

aaa

aaa

aaa

    

3231

2221

1211

aa

aa

aa

 

 

We will use method (1) for the solution and the students can verify the result by methods (2) 

and (3). 

 

Example (10). Find the determinants of the following matrices, 
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Solution. 

(i)   
13

12
3

23

32
2

21

31
1det A  )32(3)94(2)32(1   

                       .6)1(3)5(2)1(1   

(ii)  
50

24
2

10

34
3

15

32
1det










B  

                  )020(2)04(3)152(1    

                  .39)20(2)4(3)13(1   

 

Determinants of arbitrary order. 

Method (1) above may be generalized to find  ][det A for any arbitrary order. This method 

will be discussed after the properties of the determinants. 

 

1.2.1 Properties of Determinants. 

            We now list basic properties of the determinant. 

 

Theorem (7).   The determinants of a matrix A  and its transpose  TA  are equal, i.e. 

TAA   
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Example (11). For the matrix A in the above example, 

          



















233

112

321
TA  ,      AAT  6)36(3)34(2)32(1  . 

 

 

Theorem (8).   Let  A  be a square matrix. 

    (i)        If  A  has a row (column) of zeros,  then .0A  

(ii) If  A  has two identical rows (columns),  then .0A  

(iii) If  A  is triangular, i.e. A has zeros above or below the diagonal, 

            A product of diagonal elements. Thus  1I . 

 

 

Theorem (9).   Let  B  is obtained from  A  by an elementary row (column) operation. 

(i) If two rows (columns) of A were interchanged, then,  AB  . 

(ii) If a row (column) of A was multiplied by a scalar k, then,  AkB  . 

(iii) If a multiple of a rows (column) with added to another row (column), then,  

AB  . 

 

We now state the most useful properties in the following theorem. 

 

 

Theorem (10).    

(i) If  A  is invertible, i.e. A  has an inverse  1A , then  .0A  

(ii) If  the product  A B  exist, then  BABA   . 

 

 

Example (12).   Show that :  BABA  , where   A and  B in example (10). 

Solution.   From example (18),  .39,6  BA   Then  234BA .  

Now,   
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321

BA     

Then, 

                .234)31(5)14(14)65(9 BABA   

 

 

Example(13).  Find the determinant of each of the following matrices, 

  .

4000

6500

8730

5432

)(,

7872

9394

3531

6765

)(,

4458

8221

0000

6435

)(




























































 CiiiBiiAi    

 

Solution.  

(i)  Since A has a row of zeros,   .0det A  

(ii)  Since the second and fourth columns of B are equal,  .0det A  

(iii)  Since  C is triangular matrix, )(det C  is equal to the product of the diagonal elements. 

Hence   120)(det C . 

 

 

1.2.2 Gaussian Elimination Algorithm for Determinants 

 Here   ijaA    is a nonzero n-square matrix with  .1n  

Step (1).  Choose  an element  1ija  or, if lacking,   .0ija  

Step (2). Using  ija as a pivot, apply elementary row (column) operations to put s'0 in all the 

other positions  in the column (row) containing  ija . 

Step (3).  Expand the determinant by the column (row) containing  ija . 

 

Remark (1): This algorithm is usually used for determinants of order four or more. For 

determinants of order less than four use the previous used method. 

 

Example(14).  Use the above algorithm to find  A  for he matrix, 
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A  

Solution. Use  23a  as a pivot to put  s'0  in the other positions (using row operations), 
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A     by  using 
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. 

Now we expand the third column, we may neglect all terms contains 0. Thus  

.38)]5(5)7(2)1(1[

213

321

521

2013

3021

2132

5021

)1( 32 








 A  

 

Minors, Cofactors and Adjoint matrix. 

 Consider an n-square matrix  ijaA  . Let  ijM  denote the (n-1)-square submatrix of  A 

obtained by deleting its  ith  row and  jth  column. The determinant  
ijM  is called the minor 

of the element  ija  of  A, and we define the cofactor of  ija , denoted by  ijA  to be the 

“signed” minor: 

ij

ji

ij MA  )1(  . 

Now, we can write the matrix of cofactors of  A as, 

ACofactors
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We can define the adjoint matrix, denoted by  adj A, as the transpose of the cofactors of  A: 

 





















nnnn

n

n

AAA

AAA

AAA

Aadj

...

....

...

...

21

22212

12111

. 



 18 

 

Theorem (11).   For any square matrix A,   I is the identity matrix, 

IAAAadjAadjA  .)()(. . 

 

 

Theorem (11) gives us another method of obtaining the inverse of non-singular matrix. 

 

Theorem (12).   For any square matrix A,  if  ,0A then 

.)(
11 Aadj
A

A 
 

 

Example(15).  Find the inverse matrix for the matrix ,  









31

52
A  

Solutions. The cofactors of the four elements are, 

   22,55,11,33 22211211  AAAA  

    .156,
21

53
,

25

13


























 AAadjAofCofactor  

Then,                                            













21

53
1A  

 

Example(16).  Find the inverse matrix for the matrix ,  



















814

312

201

A . 

 

 

Solution: The cofactors of the nine elements are, 

 ,6
14

12
,4

84

32
,11

81

31
131211 





 AAA  

 ,1
14

01
,0

84

21
,2

81

20
232221  AAA  

 ,1
12

01
,1

32

21
,2

31

20
333231 





 AAA  
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112

102

6411

AofCofactor ,               

























116

104

2211

Aadj , 

 1)6(2)11(1 A  .     

Then,      

























116

104

2211
1A . 

 

Example(17).  Find the inverse matrix for the matrix ,  

























511

240

432

A . 

Solutions. The cofactors of the nine elements are, 

 ,4
11

40
,2

51

20
,18

51

24
131211 









 AAA                                    

,5
11

32
,14

51

42
,11

51

43
232221 










 AAA

,8
40

32
,4

20

42
,10

24

43
333231 










 AAA  

 

























8410

51411

4218

AofCofactor ,               

























854

4142

101118

Aadj , 

 46)10(1)18(2 A  .     

Then, 
























































23

4

46

5

23

2
23

2

23

7

23

1
23

5

46

11

23

9

854

4142

101118

46

11A . 

Exercises 1.2 

(1) Find the determinants of the following matrices, 

,
106

53
,

51

12
,

33

16
















 








 
 CBA  

,

300

030

002

,

100

760

432

,

251

142

321



























































 HFD  
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7872

9394

3531

6765

,

2034

2113

0201

3221

NM . 

 

(2) Find the inverse matrix for the following matrices, if it exist, 

 



























































311

121

111

,

321

253

132

,

985

432

111

CBA . 

 

(3) Without expanding the determinant, show that, 

     0

1

1

1









bac

cab

cba

. 

(4)  Find the inverse of the following matrices, 

 



























































6133

151

431

,

372

511

421

,
32

53
CBA , 

          .

511

132

021

,

120

325

212

,

171

382

231

































































 NMD  

 

 

1.3 Solution of Linear Systems of Equations  

 

We are going to look at techniques for solving linear systems of equations 

using matrices; it is called direct methods. A matrix derived from a linear system 

of equations, each in standard form, is called the augmented matrix of the 

system. The augmented matrix corresponding to the system of n  linear algebraic 

equations 
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nnnnnn

nn

nn

  b   x a   x a  xa

  b   x a  x a  xa

  b  x a  x a  xa

2211

22222121

112112111


                                (1.15) 

is given by the )1(  nn  augmented matrix  

 

 

 

                (1.16) 

 

 

Each row of the augmented matrix represents one equation of the system. In 

each row, the coefficient of 1x  is in the first column, the coefficient of 2x  is in 

the second column, the coefficient of ix  is in the i  th column, and the constant 

is in the last column. 

 

Equivalence and Elementary Row Operations  

A matrix  A  is said to be row equivalent to a matrix  B  , written  A ~ B,  if  B can be obtained 

from  A by a finite sequence of the following elementary row operations: 

][ 1E  (Row-interchange) : Interchange the ith row and the jth row :   ji RR  . 

][ 2E  (Row-scaling) : Multiply the ith row by a nonzero scalar k :  ii RkR  ,     0k . 

][ 3E  (Row-addition) : Replace the ith row by k times the jth row plus the ith row:   

           iij RRRk   . 

  

 

To solve a system of equations using the augmented matrix, we will use 

matrix row transformations to convert the augmented matrix into upper 

triangular form. 

The following matrix is an upper-triangular form of the augment matrix (1.16):  

 























nnnnn

n

n

b

b

b

aaa

aaa

aaa

BA










2

1

21

22221

11211
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n

n

n

c

cd

cdd

BA

100

1.

1

22

1112









           (1.17) 

 

 To obtain an upper-triangular form of an augmented matrix using matrix row 

transformations, we begin with the augmented matrix. We then use row 

transformations to obtain an equivalent matrix with ones in the diagonal and 

zeros below the diagonal. We will proceed column by column from left to right. 

In each column, we will start by obtaining a one in the diagonal position; then 

obtain zeros below the one.  

 

Remark: The element we aim to be one is called pivot element (pivot) and its 

row is called pivoting row. To reduce the round off error in the transforming the 

augment matrix, we may rearrange the rows (or the equations before forming the 

augment matrix) to have the pivot of the first row as one, if it is possible.  In the 

next steps, it is preferable to change the row under consideration with any row 

below it to make the pivot equal one. If the pivot equals zero and all the 

elements below it are zeros, the system either does not have unique solution nor 

has no solution. 

 

1.3.1 Gauss Elimination method  

 

     This method is based on transforming the augmented matrix into a triangular 

one; write down the corresponding linear system of equations, which can be 

easily solved by back substitution. In the present approach, we use the upper 

triangular matrix. If we have the system of equations )1( , the equivalent linear 

system, for which the triangular matrix is the associated augmented 

matrix,(1.17)  is 
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nn

nnnnn

nn

nn

 cx  

 cxdx

 c x d x d  x

 cx d xd x d x

1,11

223232

113132121

 (1.18) 

 

which can be easily solved by back substitution in which we evaluate nx  from 

the last equation, and then evaluate 1nx  using nx  and so on, that is; 

,, ,111 nnnnnnn xd cx cx    

),( ,211,222 nnnnnnnn xdxd cx    

 

In general, we can write  

1,2,,3,2,1,,
1

,  


nnnnixd cx
n

ij

jjiii (1.19) 

 

which is useful algorithm for computer programming.   

 

Example (18): Solve the equations 

 

122,5222  zyxzyx,zyx  

 

Solution: We begin by writing the system as an augmented matrix  

 

 














 









1

5

2

221

112

111
~
ABA  

 

We already have a one in the diagonal position of the first row. Now we want 

zeros for the elements in the first column below that one. The first zero can be 

obtained by multiplying the first row by )2(  and adding the results to the 

second row. The second zero can be obtained by adding the first row to the third 

row, note that the first row is unchanged. We use elementary row operations to 

transform this matrix into a triangular one as follows:  
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1

9

2

130

330

111

1

5

2

221

112

111
~
A  

 





















































2

3

2

100

110

111

8

3

2

400

110

111
~
A  

 

Thus we have the system of linear equations 

2,3,2  =x + y - z  z =yz =  

Back substitution gives the solution as: 

12,13,2   z y x  zy z=  

 

Example (19): Solve the equations 

 

5632,22,7443  zyxzyxzyx  

 

Solution:  It is better to rearrange the given equations to be  

 

5632,7443,22  zyxzyxzyx  

 

Forming the augmented matrix 

 

 












































1

1

2

1010

1070

211

5

7

2

632

443

211
~
ABA  

 















 

















 



10/1

7/1

2

100

7/1010

211

7/8

7/1

2

7/8000

7/1010

211
~
A  

 

Thus we have the system of linear equations  
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22,7/17/10,1.0 z = y - x =z yz =   

Back substitution gives:    2.2,0,1.  xyz =   

 

Example 20. 

Solve the system of linear equations given by 

3532,123,23  zyxzyxzyx  

Solution:  

Using the Gauss elimination method, we obtain the following sequence of equivalent 

augmented matrices: 

 














 





































1

7

2

110

770

321

3

1

2

532

21̀3

311
~
ABA   



















































0

1

0

000

110

101

1

1

2

110

110

321
~
A  

The last augmented matrix is in row-reduced form. Interpreting it as a system of linear 

equations gives 

0

,1





zx

zy
 

a system of two equations in the three variables x, y, and z 

Let’s now single out one variable—say, z—and solve for x and y in terms of it. We obtain 

1

,





zy

zx
 

, if we set tz  , where t represents some real number (called a parameter), we obtain a 

solution given by (t, t - 1, t). Since the parameter t may be any real number, we see that the 

System has infinitely many solutions. 

Example 21: 

Solve the system of linear equations given by 

155,43,1  zyxzyxzyx  

Solution:  

Using the Gauss elimination method, we obtain the following sequence of equivalent 

augmented matrices 

 








































2

1

1

440

440

111

1

4

1

531

11̀3

111

5
~
ABA  
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1

1

1

000

440

111
~
A  

Observe that row 3 in the last matrix reads 1000  zyx that is, 0=1! 

We therefore conclude that the System  is inconsistent and has no solution. 

 

1.3.2 Gauss – Jordan Elimination method 

 

Another version of Gauss Elimination method is Gauss – Jordan Elimination 

method. In this method, we use the matrix row transformations to convert the 

augmented matrix into unitary form ][ DI  where T
ndddD ],,,[ 21  . Then we 

obtain the solution directly as nn dxdxdx  ,,, 2211  . 

 

 

Example (22): Solve the equations by Gauss Jordan method 

 

22,422,0  zyxzyxzyx  

 

Solution: We begin by writing the system as an augmented matrix 

 

 




























































4

2

0

130

210

111

2

4

0

210

130

111

2

4

0

121

221

111
~
ABA  

         

                       



































 





2

2

4

100

010

001

10

2

2

500

210

301
~
A  

Thus the solution is 2,2,4  zyx  

 

Gaussian Elimination Algorithm for Inverse.  This algorithm either finds the 

inverse of an n-square matrix  A or determines that  A is not invertible. 

Step 1. From the nx2n matrix   IAM  ; that is, A is in the left half of M and the identity 

matrix I is in the right half of  M. 
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Step 2. Row reduce M to echelon form. If the process generates a zero row in the A-half of M, 

STOP (A is not invertible). Otherwise, the A-half will assume triangular form. 

Step 3. Further row reduce M to the row canonical form  BIM  , where I replaced  A in 

the left half of the matrix. 

Step 4.  Set  BA 1 . 

Example (21). Find the inverse matrix of   









31

52
A . 

Solution. First we form the block matrix  IAM   and reduce M to echelon form, 

   









10

01

31

52




M 21 RR  ;   









01

10

52

31
~




M 2212 RRR  ; 

  








 21

10

10

31
~




M

22

1123

RR

RRR




 ;  













21

53

10

01
~




M  1 AI  .  

 Then, 

     













21

53
1A . 

 

Example (23). Find the inverse matrix of   



















814

312

201

A . 

Solution. First we form the block matrix  IAM   and reduce M to echelon form, 

   



















100

010

001

814

312

201







M
331

221

4

2

RRR

RRR




 ;   





















104

012

001

010

110

201

~







M  

  332 RRR  ;   

























116

012

001

100

110

201

~







M      
113

223

2 RRR

RRR




; 

                              



























116

104

2211

100

010

001

~







M   
33

22

RR

RR




;     

                              























116

104

2211

100

010

001

~







M    1 AI  . 
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Then, 

   

























116

104

2211
1A . 

 

1.3.3 Solving the system of linear equations using  matrix inverse  

Now, for the linear system bAx  , where A  is a nn  square matrix(coefficient matrix), b  

is a 1n  vector(constants) and x  is a 1n  vector(variables), suppose there exists a matrix 

1A  such that  1 nnIAA n  identity matrix. Then, 

bAxbAxIbAAxAbAx n

A 1111by  sideboth multiply             
1

  


. 

Example(24) 

2762

2

9

7

762

48-1

5-23

              948  

7523

321

3

2

1

321

321





























































xxx

x

x

x

xxx

xxx

. 































































2

9

7

  and  ,  ,

762

481

523

   where,        

3

2

1

b

x

x

x

xAbAx . 

Example(25). Solve the following system of equations by matrix inverse: 

 

Solve for the linear system 





























































2

3

1

531

532

211

3

2

1

x

x

x

Ax . 

 

 

Solution: 





























































































 

1

2

1

2

3

1

123

135

110

2

3

1

    

123

135

110
11 AxA

. 
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Example (26). Solve the following system of equations by matrix inverse: 

12

2 2 3

2 6

x y z

x y z

x y z

  


   
   

 Solution: We have the following matrix system 

1

1 1 1 12 1 1 1

2 1 2 3 , check for det 2 1 2 4

1 2 1 6 1 2 1

27

1 1 1 12 3 1 1 12 4
1

2 1 2 3 4 0 4 3 6
4

1 2 1 6 5 1 3 6 45

4

x

y

z

x

y

z



       
      

          
             

 
          
        

               
                   

 






Exercise 1.3 

1-Find the solution of the following systems of linear equations using

(i) Gauss elimination method.

(ii) Gauss-jordan elimination method.

(iii) Inverse matrix method

a) 
2 3 5

3 2 10

x y

x y

 


 

b) 

4

3 3 7

4 2 7

x y z

x y z

x y z

  


  
   

2- Find the inverse of the following matrix using Gauss elimination method



























































6133

151

431

,

372

511

421

,
32

53
CBA
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3- Find the solution of the following systems of linear equations using 

Gauss -elimination method. Define the type of solution  

a-                                                                                                 b- 

                                            

 

--------------------------------------------------------------------------   
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Chapter (2) 

Transcendental Functions 

 

2.1  Inverse  Functions 

In mathematics the term inverse is used to describe functions that are reverses of one another 

in the sense that each undoes the effect of the other. 

 

One-to-one Functions 

A function is a rule that assigns a value from its range to each point in its domain. Some 

functions assign the same value to more than one point. Other functions never assume a given 

value more than once. A function that has distinct points is called one-to-one. 

 

 

Definition A function  )(xf  is one-to-one on a domain D if :  

                  .)()( 2121 xxwheneverxfxf   

 

Example (1) The function  xxf )(  is one-to-one on any domain of non-negative 

numbers because: 

2121 xxwheneverxx  . 

 

Example (2) The function  3)( xxf   is one-to-one on any domain of real numbers because: 

21

3

2

3

1 xxwheneverxx  . 

 

Example (3) The functions  2)( xxf   and xxg sin)(   are not one-to-one on the domain 

of real numbers because: 

2)()( aafaf    and  ...)4/3()4/(   gg  

 

The Horizontal Line Test  

A function  )(xfy   is one-to-one if and only if its graph intersects each horizontal line at 

most once. 

 



 32 

 

 

 

          

 

 

 

                                      (i)                                     (ii) 

                                       

 

 

 

 

 

 

                                            (iii)                                    (iv) 

                                                    

The graphs in (i) and (ii) meets each horizontal line at most once and the graphs in (iii) and 

(iv) meets the horizontal line at more than one point. 

 

Definition  

If the functions f and g satisfy the two conditions 

 xxfg ))((  for every x in the  domain of f 

 xxgf ))((  for every x in the  domain of g 

then we say that f and g are inverses.  

 

Moreover, we call f an inverse function  

of g and g an inverse function of f.  

 It is more convenient to write the  

inverse function of   f  as  1f . 

 

A function  f  has an inverse 1f  if it is  

one-to-one function. 
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Example (4)  

Is the following functions are inverses to each other? 

 22  xy        and            1
2

1
 xy . 

Solution     Let   22)(  xxf     and    1
2

1
)(  xxg  

 .1)22(
2

1
)22())(( xxxgxfg   

 .2)1
2

1
(2)1

2

1
())(( xxxfxgf   

Then the two functions  22  xy   and   1
2

1
 xy  are inverses to each other.  Also, we 

notice that: 

       Domain of   1f   =  Range of  f .      and      

Range of   1f   =  Domain of  f . 

 

 

Finding Inverses 

    To express the inverse function  1f  as a function of  x, we use the  following steps, 

Step 1. Solve the equation )(xfy   for  x  in terms of  y. 

Step 2. Interchange x and y. The resulting formula  

             will be  1 fy . 

 

The graph of 1f  can be obtained by reflecting  

the graph of the function f  about the line  .xy   

 

Example (5) 

Find the inverse of the following function 

32 )(1
2

1
)()2(

3

1
)( xyiiixyiixyi   

Solution. 
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23)(23)2(
3

1
)( 12   xxfyxxyi

.22)(221
2

1
)( 1   xxfyxxyii                   

.)()( 3133 xxfyxxyiii  
                                      

 

 

 

 

 

                          

 

 

 

                 (i)                                              (ii)                                                   (iii) 

 

Exercises (2.1)  

For each of the following functions, find 1f , identify the domain and range of  1f . Sketch 

the graph of  f and use a reflection to sketch the graph of 1f . 

(1)  1)( 3  xxf                                        (2)   5)( xxf                                    

(3)   0;)( 4  xxxf                               (4)   0;/1)( 3  xxxf  

(5)  0;1)( 2  xxxf                        (6)  0;)( 2  xxxf  

 

2.2 Natural Logarithmic Function 

The most important function-inverse pair in mathematics and science is the pair consisting of 

the natural logarithmic function xln  and the exponential function  xe .  The key to 

understanding  xe  is  xln , so we introduce xln   first. 

 

 

 

 

 

 



 35 

  

Definition 

The natural logarithmic function denoted by ln , is defined by 

 .0,
1

)(ln
1

  xdt
t

x

x

 

 

If  ,1x  then xln  is the area under the  

curve ty /1     from  t = 1  to  t = x .  

For  ,10  x  xln  gives the negative of  

the area under the curve from x  to  1. The  

function xln  is not defined for  0x .  

We also have, 

                       .0
1

)1(ln

1

1

  dt
t

 

                                                                                                                         

 

2.2.1 Derivative of Natural Logarithmic Function 

From the fundamental theorem of calculus, we know that: 

)()( xfdttf
dx

d
x

c

 . 

Then,   .0;
11

ln
1

x
x

dt
tdx

d
x

dx

d
x

                           

Since the derivative of  xln  is positive for every   

0x , then the function xy ln  is continuous  

and increasing throughout its domain. Moreover the second derivative is 2/1 x , which is 

negative for every  0x . Hence the graph of  xy ln  is concave-down on ),0(   

 

If )(xuu  , is a differentiable function of x, whose values are positive, so that  uln  is 

defined.  Then applying the Chain Rule, 

dx

du

udx

du
u

du

d
u

dx

d 1
.lnln   . 

So, we obtain the derivative in the form, 
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.
1

ln,
1

ln
dx

du

u
u

dx

d
and

x
x

dx

d
  

It is more convenient to write the last expression as 

 

)(

)('
)]([ln

xf

xf
xf

dx

d
  

 

Example (1)  Find dxdy /  for the following functions, 

))((lnln)()(tanln)()1ln()( 2 xyiiixyiixyi   

Solution 

.
1

2
)1(

1

1
)1(ln)(

2

2

2

2







x

x
x

dx

d

x
x

dx

d

dx

dy
i  

x

x
x

dx

d

x
x

dx

d

dx

dy
ii

tan

sec
)(tan

tan

1
)(tanln)(

2

  

xx
x

dx

d

x
x

dx

d

dx

dy
iii

ln

1
)(ln

ln

1
)(lnln)(              

 

Example (2)  Find dxdy /  for the following functions, 

)(lnsin)()(lnlnln)( xyiixyi   

Solution 

x
dx

d

xx
x

dx

d

x
x

dx

d

dx

dy
i ln

ln

1

lnln

1
)ln(ln

lnln

1
lnlnln)(   

              )
1

(
ln

1

lnln

1

xxx


   )(lnlnln

1

xxx
  

)(ln)(lncos)(lnsin)( x
dx

d
xx

dx

d

dx

dy
ii 

x

x)(lncos
  

 

 

Properties of Logarithmic Function 

For any numbers  0,0  yx , 

1. Product Rule:                             .lnln)ln( yxyx   

2. Quotient Rule:                           .lnln)/(ln yxyx   

3. Power Rule:                              .lnln xyx y   

4. Reciprocal Rule:                       .ln)/1(ln xx   
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Sometimes it is useful to use the above properties before differentiation, 

 

Example (3)  Find dxdy /  for the following function, 

23

32

)1(

3)1(
ln






x

xx
y  

Solution Use property (2), 

      2332 )1(ln3)1(ln  xxxy .                  Use property (1), 

     232/132 )1(ln)3(ln)1(ln  xxxy .      Use property (3), 

   )1(ln2)3(ln)2/1()1(ln3 32  xxxy .   Now differentiate 

1

6

)3(2

1

1

6

1

)3(2

3

1

2

1

1

)2(3
3

2

23

2

2 

















x

x

xx

x

x

x

xx

x

dx

dy
 

  

 

2.2.2 Logarithmic Differentiation 

The derivative of positive functions given by formulas that involve products,  

quotients, and powers can often be found more quickly if we take natural logarithmic of both 

sides before differentiating. The following steps describe the method of solution, 

Given :    )(xfy   

Step (1) Take Logarithmic function of both sides :                .)(lnln xfy   

Step (2)  Differentiate both sides w.r.t. x:               .))(ln(ln xf
dx

d
y

dx

d
  

Step (3)  Solve for  dxdy / :                                    .))(ln( xf
dx

d
y

dx

dy
  

Step (4)  Replace  )(xfbyy :                        .))(ln()( xf
dx

d
xf

dx

dy
  

 

We can use the result obtained in example (2) in the following example. 

 

 

Example (4)  Find dxdy /  for the following function,    

23

32

)1(

3)1(






x

xx
y  
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Solution  

Step (1) Take Logarithmic function to both sides 

23

32

)1(

3)1(
lnln






x

xx
y . 

Use the properties as we did in the above example to simplify the right term, 

)1(ln2)3(ln)2/1()1(ln3ln 32  xxxy  

Step (2)  Differentiate both sides w.r.t. x: 

 )1(ln2)3(ln)2/1()1(ln3ln 32  xxx
dx

d
y

dx

d
 

.
1

6

)3(2

1

1

61
3

2

2 








x

x

xx

x

dx

dy

y
 

Step (3)  Solve for  dxdy / :                                      

 .
1

6

)3(2

1

1

6
3

2

2


















x

x

xx

x
y

dx

dy
 

Step (4)  Replace  )(xfbyy :    

.
1

6

)3(2

1

1

6

)1(

3)1(
3

2

223

32


































x

x

xx

x

x

xx

dx

dy
     

 

Also the logarithmic differentiation may help us to differentiate the function of the form, 

  )(
)(

xg
xfy  , 

 

Steps for differentiating the functions in the form :     )(
)(

xg
xfy            

Step (1) Take Logarithm of both sides :   

  .)]([ln)()(lnln
)(

xfxgxfy
xg
  

Step (2)  Differentiate both sides w.r.t. x:  

 )(ln)('
)(

)('
)(

1
xfxg

xf

xf
xg

dx

dy

y
  . 

Step (3)  Solve for  dxdy / :  

 








 )(ln)('
)(

)('
)( xfxg

xf

xf
xgy

dx

dy
. 

Step (4)  Replace  )(xfbyy :  
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 )(ln)('
)(

)('
)()(

)(
xfxg

xf

xf
xgxf

dx

dy xg
.                

 

Example (5)  Find dxdy /  for the following functions, 

       xx xyiixyi sec)(sin)()(   

Solution 

xxyi )(  

xxxy x lnlnln   .   Differentiate both sides w. r. t.  x, 

x
x

x
dx

dy

y
ln

11
 , then:    xxxy

dx

dy x ln1ln1   

xxyii sec)(sin)(   

xxxy x sinlnsec)(sinlnln sec   .    Differentiate both sides w. r. t.  x, 

)(sinlntansec
sin

cos
sec

1
xxx

x

x
x

dx

dy

y
 , then 









 )(sinlntansec
sin

1
xxx

x
y

dx

dy
                      









 )(sinlntansec
sin

1
)(sin sec xxx

x
x x  

 

Example (6)  Find dxdy /  for the following functions, 

        xx xyiixyi
lntan ln)()1()(   

Solution 

xxyi tan)1()(   

)1(lntan)1(lnln tan xxxy x   .    Differentiate both sides w. r. t.  x, 

)1(lnsec
1

1
tan

1 2 xx
x

x
dx

dy

y



 ,  then 

    











 )1(lnsec
1

tan 2 xx
x

x
y

dx

dy
 

   











 )1(lnsec
1

tan
)1( 2tan xx

x

x
x x  

  x
xyii

ln
ln)(   

   xxxy
x

lnlnlnlnlnln
ln

  .  Differentiate both sides w. r. t.  x, 
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 x
x

x
xxx

x
dx

dy

y
lnln1

1
lnln

11

ln

1
ln

1
  

     








 x
x

y
dx

dy
lnln1

1
 







 


x

x
x x lnln1
)1( tan  

 

 

 

2.2.3 Integration and Natural Logarithmic Function 

From derivatives forms we can write the following integration forms, 

  .ln
1

ln
1

cudu
u

andcxdx
x

                   

or in the more convenient form as, 

 

  .)(ln
)(

)('
cxfdx

xf

xf
 

 

 

Example (7)     Evaluate the following integrals 

dx
x

x
i   3

2

1
)(              dx

x

x
ii  



0
cos2

sin
)(                dx

xx
iii  ln

1
)(  

Solution   

.1ln
3

1

1

3

3

1

1
)( 3

3

2

3

2

cxdx
x

x
dx

x

x
i 




   

 

 .3ln1ln3lncos2ln
cos2

sin
)(

0

0







xdx
x

x
ii  

 

 cxdx
x

x
dx

xx
iii   )(lnln

ln

/1

ln

1
)( . 

 

Example (8)     Evaluate the following integrals 

 dx
x

x
i

ln
)(                   dx

x

x
ii   2sin1

2sin
)(                  


dx

xx
iii

)1(

1
)(  

Solution          
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   .
2

)(ln
ln

1ln
)(

2

c
x

dxx
x

dx
x

x
i  

cxdx
x

xx
dx

x

x
ii 




  )sin1(ln
sin1

cossin2

sin1

2sin
)( 2

22
 

cx
x

dx

x
dx

xx
iii 













 )1(ln2

2)1(

1
2

)1(

1
)(  

 

The natural logarithmic function may also be used to find expressions for integration of some 

trigonometric functions as in the following theorem. 

 

Theorem (2.2.1) 

.seclntan)( cxdxxi   

.sinlncot)( cxdxxii   

 dxxiii sec)( .tansecln cxx   

 dxxiv csc)( .cotcscln cxx          

 

Proof 

.seclncosln
cos

sin

cos

sin
tan)( cxcxdx

x

x
dx

x

x
dxxi 


    

.sinln
sin

cos
cot)( cxdx

x

x
dxxii    

dx
xx

xx
xdxxiii   




tansec

tansec
secsec)( dx

xx

xxx
 




tansec

tansecsec2

    

                           .tansecln cxx                                                                                                    

dx
xx

xx
xdxxiv   




cotcsc

cotcsc
csccsc)( dx

xx

xxx
 




cotcsc

cotcsccsc2

 

                           .cotcscln cxx   

 

Example (9)     Evaluate the following integrals, 

       dxxi 5tan)(                                                  dxxxii 2sec)(  

       dx
x

x
iii

)(lncot
)(

2

                                      dxxxiv 32 csc)(  
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Solution 

   .5secln
5

1
)5(5tan

5

1
5tan)( cxdxxdxxi  

.tansecln
2

1
)2(sec

2

1
sec)( 2222 cxxdxxxdxxxii    

.)(lnsinln
2

1
)

2
()(lncot

2

1)(lncot
)( 22

2

cxdx
x

xdx
x

x
iii    

.cotcscln
3

1
)3(csc

3

1
csc)( 332332 cxxdxxxdxxxiv    

 

 

Exercises (2.2)  

(I)  Find  dxdy /  for the following functions, 

(1)  )4(ln 4  xy             (2) )5(ln 6  xy           (3) |32|ln xy   

(4) |2|ln 3 xxy                (5)  |sin|ln xy              (6)  xy seclnln             

(7) |tansec|ln xxy         (8) xxy cotcscln     (9) 3)]([ln xy    

(10)  51ln  xy              (11) 3 2 1ln  xy        (12) 5 4 3ln  xy    

(13) 









xx
y

1
ln

ln

1
        (14) 










5

5 1
lnln

x
xy    (15)  

x

x
y






2

1
ln   

(16) )ln1(ln xy         (17)  )lncos xy            (18) )ln1(tan xy   

 (19)  )(csclnln 2xy  .      (20) 
x

x
y

ln1

ln


           (21)  )ln(sec xxy   

  

(II) Use logarithmic differentiation to find dxdy /  for the following functions, 

(1)  223 )5()23(  xxy                          (2)  4325 )3()12(  xxy  

(3)   1)1( 243  xxy                          (4) xxy 362 cot)1(   

(5)   3 2 13)12(  xxy                       (6) 5 23 )1()3(  xxy  

(7)   )(tan)(sin 3224 xxy                            (8) )(cos)(sec 3223 xxy                                

(9)   
322

4 3

)1()10(

)sec1(2






xx

xx
y                       (10) 5 22 23)1(  xxy  
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(11) 
)6()1(

)2()3(






xx

xx
y                            (12) 

225

33 2

)1()1(

)(sin1






xx

xx
y  

(13)  )1()1( xxy                                       (14) xxy cos)csc3(   

(15)  xxy )(tan                                            xxy ln)ln1()16(   

(17)  xxy sin)(sec                                         xxy )ln(sin)18(   

(19)  xxy csc3 )1(                                        xxxy ln)sec(tan)20(   

                               

 

(III) Evaluate the following integrals, 

(1)    x

dx

31
                                              (2)    x

dx

3
          

(3)   
dx

x

x
21

                                       (4)   


dx

xx

x

12

1
2

 

(5)    dx
x

xln
                                              (6)   xx

dx

ln
 

(7)    
dx

x

x

2tan4

2sec2

                                   (8)    
dx

xx )tan32(cos

1
2

 

(9)   


dx
xx )1(

1
                              (10)  

xx

dx

ln
 

(11)   


dx
xx

x

1
                                 (12)  

  


dx
xnx 11

1
 

(13)    


dx

xx

xx

cossin

cossin
                             (13)  

dx
xx

x

)5(seccos

tan
   

(15)  dx
x

xx
  2cos2

cossin
                                (16)   dxxx  )3sec3(tan  

(17)   dxxx  )3csc5(cot                         (18)   dxxx )csc1(csc   

  

(19)   dxxx )1(secsec                             
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2.3. Natural Exponential Function 

The Natural Logarithmic function xln  is one-to-one function with domain ),0(   and range 

),(  . Then it has an  

inverse function of domain ),(   and  

range ),0(  . This  inverse   function  is   

called  the  natural exponential function  

and is denoted by  )(exp x  or simply  xe . 

Now, since 


x
x

lnlim
0

  

and  


x
x

lnlim , then,    

0lim 


x

x
e   and   



x

x
elim , 

and since 0)1(ln  , then  .10 e  The function   xey   is sketched. 

Since the functions  xln  and  xe  are inverses to each other, then 

xee xx  ln)ln(   and yxifonlyandifey x ln .             

The number e may be computed from the relation 1ln e , to obtain, 

459045182818287.2e . 

The number  e is called the base and  x  is called the exponent of the natural logarithmic 

function, i.e.  xx elogln   

 

Properties of natural exponential function. 

For any real numbers  x and  y , 

(1)  .0xe                         (2)   .yxyx eee                          (3)  ./ yxyx eee    

(4)  xx ee /1 .                 (5)     xyyxyx eee  . 

 

 

2.3.1 Derivative of Natural Exponential Function 

The exponential function is differentiable because it is the inverse of a differentiable function 

whose derivative is never zero.  

Consider     xey    ,   then     xy ln .  

 Differentiate w.r.t. x, 
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 1
1


dx

dy

y
,    thus    xey

dx

dy
  

If u is any differentiable function of x, and by chain rule, we have, 

 

.,
dx

du
ee

dx

d
ee

dx

d uuxx   

 

It is more convenient to write the last expression as 

 

)(')()( xfee
dx

d xfxf   

Example (1)  Find dxdy /  for the following functions, 

        xexyi 2)(                                               
2

)( xeyii   

        
1

)(



x

eyiii                                              xexyiv sin2 )(ln)(   

Solution 

 .2)( 2
2

2 xxxx exexe
dx

dx
e

dx

d
x

dx

dy
i    

.2)(
22 2 xx exx

dx

d
e

dx

dy
ii   

1212

1
1)(

1
11










x

e

x
ex

dx

d
e

dx

dy
iii

x
xx

 

2sinsin2 lnln)( x
dx

d
ee

dx

d
x

dx

dy
iv xx   

 

 

 

2.3.2 Integration of Natural Exponential Function 

From the derivative formula of natural exponential function, we obtain the integral formula 

as, 

 

   .. ceduecedxe uuxx  

 

 

 



 46 

Example (2)     Evaluate the following integrals, 

          dxei x )1()(                                    dxeii x2)(  

       
2/

0

sin .cos)(



dxxeiii x                                   
dx

e

e
iv

x

x

1
)(  

Solution 

  .)1()( cxedxei xx  

   .
2

1
)2(

2

1
)( 222 cedxedxeii xxx  

 

2/

0

010sin2/sin2/

0

sinsin .1cos)(




eeeeeedxxeiii xx  

 


.)1(ln
1

)( cedx
e

e
iv x

x

x

 

 

Example (3)     Evaluate the following integrals, 


 dxexi x 2/2

)(                                           dxexii x2tan2 2sec)(  

 
dx

e

e
iii

x

x

1
)(

2

2

                                    
 




dx
e

e
iv

x

x

2

2cos
)(  

Solution 

.)()( 2/2/2/ 222

cedxxedxexi xxx  

  

Another solution 

Let dxxduxu  ,2/2  

   dueduedxex uux )(2/2

 

                       .2/2

cece xu    

 

.
2

1
)2sec2(

2

1
2sec)( 2tan22tan2tan2 cedxxedxexii xxx    

Another solution 

Let dxxduxu 2sec2,2tan 2  

ceceduedxex xuux  
2tan2tan2

2

1

2

1
)

2

1
(2sec  
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.)1(ln
2

1

1

2

2

1

1
)( 2

2

2

2

2

cedx
e

e
dx

e

e
iii x

x

x

x

x





   

Another solution 

Let dxedueu xx 22 2,   

.)1(ln
2

1
)1(ln

2

1

12

1

1

2

2

2

cecu
u

du
dx

e

e x

x

x





   

     







 dxeedx
e

e
iv xx

x

x
22

2

2

2cos
2

1cos
)(   .sin

2

1 2 ce x 


   

                                    

Another solution 

Let dxedueu xx 22 2,    

 
cuduudx

e

e
x

x







 


sin
2

1
cos

2

1cos
2

2

 

                             .sin
2

1 2 ce x 


   

 

 

Exercises (2.3)  

(I)  Find  dxdy /  for the following functions, 

(1)  xey x ln                                               (2)  .sin3 xexy   

(3)  xexy 32 )1(                                      (4)  .
sec x

ey   

(5)  xey sin2                                              (6)  xexy 32 )2(                  

(7)  )(cosln xey                                       (8)  .3tan  xey  

(9)  xey x tan3                                       (10)  .)(sinln 2xey                    

(11)  
x

exy 2                                        (12)  .))(tan(lnln xy   

(13)  
2

xx ee
y


                                    (14)  

2

xx ee
y


    

(15)  
xx ee

y



2

                                    (16)  
xx ee

y



2

 

(17)   )(sec
2xey                                    (18)  .)(secln 2xexy   

(19)  1ln
1




xey
x

                          (20)  .)(ln 2 xexy   
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(II) Use implicit differentiation to find  
dx

dy
 , 

(1)  10ln  xe yx                                     (2)  10ln  xye y  

(3)  1cos 2 yxe y                                      (4)  10sin 2 xye xy  

(5)  yxeye yx  sinsin                            (6)  3sin xxye yx   

(7)  3)(ln )(   yxeyx                        (8) 1)(ln )( 22

  yxexy  

(9) xyex y  )(lnsin                             (10)  1)(cosln2  yex y  

(11) 1)(cscln csc  yx ee                           (12) yee yx  3)(tanln  

 

 

(III) Evaluate the following integrals. 

 

(1)   dxex x2

                                            (2)   dxex x32                     

(3)  
 dxee xx )(                                    (4)   dx

x

e x

2

tan

cos
 

(5)  
 dxee xx 2)(                                  (6)  

 dxee xx 2)(                            

(7)    dxee xx )tan1(                              (8)  
  dxee xx )sec1(   

(9)  dx
x

e x


 )1(

                                       (10)  dx
x

e x


 )ln1(

   

(11)  


dx
e

e
x

x 1
                                     (12)  dxee xx

  1    

(13)   
dx

e

e
x

x

1
                                    (14)   dxex xcossin  

 (15)  


dx
e

e

x

x

1
                                  (16)  dx

x

e x


 )1(

. 

(17)  


dx
be

ex
ax

ax

2

2

                                   (18)  


dx
e

ex
x

x

1
2

2

2

2

   

(19)  


dx
e

e
x

x

2

2 )(sin
                                (20)   

dx
e

e
x

x

2

22 )(csc
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2.4 General Exponential and Logarithmic Functions 

2.4.1 The General Exponential Function   

The general exponential function xay   for positive number 1a . The natural exponential 

function xey   is a special case when 459045182818287.2 ea . 

The general exponential function has the same properties as the natural exponential function. 

Basic Properties 

 

   1.  yxyx aaa                                    2.  yxyx aaa /  

3.  xxx baba )(                             4.   yxyx aa   

Derivative of general exponential function 

 xay  ,       axy lnln  ,  differentiate both sides w.r.t. x, 

a
dx

dy

y
ln

1
 , then    aaay

dx

dy x lnln   

 

                aaa
dx

d xx ln           or             
dx

du
aaa

dx

d uu ln                    

 

In more convenient form, 

 

 

)('ln)()( xfaaa
dx

d xfxf   

 

 

Example (1)  Find dxdy /  for the following functions, 

xyi 3)(                                                     
3

2)( xyii    

xyiii tan5)(                                               
xxyiv sin34)(

2

  

Solution 

3ln3)( x

dx

dy
i            )3(2ln2)( 23

x
dx

dy
ii x    )(sec5ln5)( 2tan x

dx

dy
iii x  
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xx
dx

dy
iv xxxx cos3ln343)2(4ln4)( sinsin 22

     3lncos4ln234 sin2

xxxx   

 

Integration of general exponential function 

From the derivatives formulas, we obtain the following integrations formulas 

 

        c
a

a
dxa

x
x  ln

        and           c
a

a
dua

u
u  ln

 

 

 

or   c
a

a
dxxfa

xf
xf  ln

)('
)(

)(  

 

 

Example (2)  Evaluate the following Integral, 

 dxi x3)(                                                         dxxii x2

2)(  

 dxxiii x3sin53cos)(                                      dx
x

iv
xln7

)(  

Solution 

cdxi
x

x  3ln

3
3)( . 

cdxxdxxii
x

xx   2ln

2

2

1
)2(2

2

1
2)(

2

22

. 

Another solution 

Let  dxxdueidxxduxu 
2

1
..,2,2  

cdudxx
u

ux   2ln

2

2

1
2

2

1
2

2

 c
x


2ln

2

2

1
2

. 

 

)3cos3(5
3

1
53cos)( 3sin3sin

  dxxdxxiii xx   .
5ln

5

3

1 3sin

c
x

  

Another solution 

Let  dxxdueidxxduxu 3cos
3

1
..,3cos3,3sin   
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cdudxx
u

ux   5ln

5

3

1
5

3

1
53cos 3sin  .

5ln

5

3

1 3sin

c
x

  

 

.
7ln

71
7

7
)(

ln
ln

ln

cdx
x

dx
x

iv
x

x
x









   

Another solution 

Let  dx
x

duxu 









1
,ln  

ccdudx
x

xu
xun

x

  7ln

7

7ln

7
7

7 lnln

. 

 

 

 

2.4.2 The General Logarithmic Function    

The general exponential function xaxf )(  for positive number 1a , is one-to-one 

(injective) function. Its inverse function is denoted by xalog  and is called the logarithmic 

function of x with base a. This means that, 

          xy alog       if and only if   yax  . 

The natural logarithmic function  xln  is a special case of the logarithmic function when the 

base is e, that is, 

xx elogln  . 

The general logarithmic function has the same properties as the natural logarithmic function. 

 

Relation between natural and general logarithmic functions.  Consider   xy alog  , then   

yax  . 

Taking the natural logarithm of both sides, we obtain 

xaayax a

y loglnlnlnln  ,  and hence 

a

x
xa

ln

ln
log   
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Derivative of general logarithmic function 

Using the above relation between the general logarithmic and the natural logarithmic 

functions we obtain the derivative formulas as, 

 

 

xa
x

dx

d
a

1

ln

1
log   ,         )('

)(

1

ln

1
)(log xf

xfa
xf

dx

d
a   

 

 

Example (3)  Find dxdy /  for the following functions, 

xyi 3log)(                                                  4log)( 2

2  xyii   

xyiii seclog)( 5                                       3 2

7 )52(log)(  xyiv  

Solution 

                     

 

4

2

2ln

1
4ln

2ln

1
)(

2

2




x

x
x

dx

d

dx

dy
ii  

5ln

tan

sec

tansec

5ln

1
secln

5ln

1
)(

x

x

xx
x

dx

d

dx

dy
iii   

52

2

3

2

7ln

1
52ln

3

2

7ln

1
)(













x
x

dx

d

dx

dy
iv  

 

 

 

 

Exercises 2.4 

(I) In the following  problems, find  
dx

dy
 for the given functions, 

(1)  
5

3xy                       (2)  )3( 7

5  xy                        (3)  xy sec7   

 (4)  )3(csc2 xxy              (5)  xx ey sin)2(sin3      (6)  xxy 2ln2ln      

 (7)  xex

y 3ln2         (8)  xxy tansin 57                 (9)  )3(tan xx ey   

 (10) )2(cot 33 xx ey    (11)  xy ln10                       (12)  xey x  )(sec 5   

x
x

dx

d

dx

dy
i

1

3ln

1
)(ln

3ln

1
)( 
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(13) )4(log 4

2  xy     (14)  )1(log 3

7  xy       (15)  |32|log3 xy x    

(16) 33

2log xey x      (17)  |sin|log5 xxy    (18)  4

2 )(log xy    

(19) |sec|log 3

2 xxy   (20)  7 3

3 1log  xy     (21)  3

3 )(log xy   

 (22) |cos|log 3

5 xxy     (23)  3 2

7 1log  xy    (24)  xxy lnsin 35    

 (25)
xx

y
1

log
log

1
3

3

     (26) 3log 3

3  xy        (27)  
x

x
y






2

1
log5  

 (28)
353

2

1
log

log

1

xx
y   (29)  x

y
sinlog23            (30)  

x
y

tanlog32     

 

(II) Evaluate the following integrals. 

(1)   dxx x2

3                     (2)   dxx x3

52                 (3)   
 dxxx 23  

(4)  dx
x

x

  12

2
                  (5)   

 dxaa xx 2
        (6)     dxaa xx 2

 

(7)   dxxx 5sec5          (8)   dxxx 3tan3               (9)  


dx
x

x

92

2
 

(10)  


dx
x

x

13

3
            (11)  



dx
x

x )1(10
    (12)  



dx
x

x)ln1(5
  

(13)  


dx
x

x

7

17
             (14)  dxxx

  122           (15)   
dx

x

x

13

3
  

 (16)  


dx
x

xx

3

63
          (17) 



dx
x

x

2

2

4

)4(tan
            (18) 



dx
x

x

3

3

2

1)2(sec
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Chapter (3) 

Inverse Trigonometric, Hyperbolic and Inverse Hyperbolic 

Functions 

  

3.1 Inverse Trigonometric Functions 

Since the trigonometric functions are not one-to-one in their natural domains, they do not 

have inverse functions in general. By restricting their domains, however, we obtain one-to-

one functions that have the same value as the trigonometric functions and that do have 

inverses over these restricted domains. For example, the function  xy sin  is not one-to-one 

on its natural domain R. However, when the domain is restricted to the interval  








2
,

2


, 

it becomes one-to-one (see Fig (3.1)). 

 

 

 

 

 

                                          

                                                         Fig. (3.1) 

3.1.1 The Inverse Sine Function                                                            

 

Definition 

The inverse sine function denoted by  1sin  x or arcsin x, is defined by , 

xy 1sin   or  xy arcsin   if and only if   yx sin  

for      11  x , and 2/2/   y  

 

 

We can sketch the graph of xy 1sin   as in Fig (3.2) by reflecting the curve xy sin , 











2
,

2


x   through the line  xy  . We could also use the equation yx sin   with 
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2/2/   y   to find the points on the graph xy 1sin  . The angles xy 1sin   come 

from the first and fourth quadrants because 2/2/   y  [see Fig (3.3)].                     

 

 

 

 

 

                         Fig (3.2)                              

 

                             Fig. (3.2)                                            Fig. (3.3) 

 

From the properties of inverse functions, we have :   

(1) .11,)(arcsinsin)(sinsin 1  xifxxx  

(2) .2/2/,)(sinarcsin)(sinsin 1   xifxxx  

Example (1) 

Evaluate the following expressions 

(i)  








2

1
sin 1                    (ii) 







 

2

1
sin 1                  (iii) 
















2

3
sin 1        

Solution 

(i)  Let    







 

2

1
sin 1y ,    then     

2

1
sin y      and 

22


 y .    

      Hence   
4


y . 

(ii) Let   






 
 

2

1
sin 1y ,    then    

2

1
sin


y       and 

22


 y .     

      Hence   
4


y . 

(iii) Let   













 

2

3
sin 1y ,    then     

2

3
sin y       and 

22


 y .          Hence   

3


y . 
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Example (2) 

Find the exact value of the following expressions whenever it is defined. 

 (i) 
















2

1
sinsin 1          (ii) 

















4
sinsin 1 

         (iii) 
















3

2
sinsin 1 

 

Solution 

(i)  Since  1
2

1
1  , then  .

2

1

2

1
sinsin 1 















    

(ii)  Since 
242


 ,  then  .

44
sinsin 1 
















  

(iii)  Since 
3

2
   










2
,

2


, then 

3

2
)

3

2
(sinsin 1 

 . 

        But,  .
32

3
sin

3

2
sinsin 11 































   

3.1.2  The Inverse Cosine Function 

 

Definition 

The inverse cosine function denoted by  1cos x or arccos x, is defined by , 

   xy 1cos   or  xy arccos   if and only if   yx cos  

for 11  x , and  y0 . 

The graph of the function xy 1cos  is illustrated in Fig. (3.4). The graph may obtained in 

similar ways by reflecting  

the curve xy cos ,  ,0x  through the line  xy    or  by using the equation 

yx cos with  y0 . The angles xy 1cos  come from the first and second quadrants 

because  y0  [see Fig (3.5)].       

                                                                                  

 

 

 

 

 

                

                  Fig. (3.4)                                                       Fig. (3.5) 
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From the properties of inverse functions, we have the properties,   

(1) .11,)(arccoscos)(coscos 1  xifxxx  

(2) .0,)(cosarccos)(coscos 1  xifxxx  

 

 

Example (3) 

Evaluate the following expressions 

(i)  








2

1
cos 1                    (ii) 







 

2

1
cos 1                  (iii) 
















2

3
cos 1        

Solution 

(i)  Let    







 

2

1
cos 1y ,    then     

2

1
cos y      and  y0 .    

      Hence   
3


y . 

(ii) Let   






 
 

2

1
cos 1y ,    then     

2

1
cos


y      and  y0 .    

      Hence   
3

2
y . 

 (iii) Let   













 

2

3
cos 1y ,    then     

2

3
cos y      and  y0 .          Hence   

6


y . 

 

Example (4) 

Find the exact value of the following expressions whenever it is defined. 

 (i) 














 

2

1
coscos 1                                        (ii) 















 

4
coscos 1 

  

Solution 

(i)  Since  1
2

1
1 


 , then  

2

1

2

1
coscos 1 
















     

(ii)  Since 
242





 ,  then  

44
coscos 1  
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3.1.3  The Inverse Tangent Function 

 

Definition 

The inverse tangent function denoted by  1tan x or arctan x, is defined by , 

xy 1tan   or  xy arctan   if and only if   yx tan  

for        x , and 2/2/   y  

 

The graph of the function xy 1tan  is illustrated in Fig.  (3.6). The angles xy 1tan  come 

from the first and fourth quadrants because 2/2/   y  [see Fig (3.7)].                     

 

 

 

 

 

 

                                                          

                            Fig. (3.6)                                                     Fig. (3.7) 

 

It has the following properties, 

(1) .,)(arctantan)(tantan 1  xifxxx  

(2) .2/2/,)(tanarctan)(tantan 1   xifxxx  

 

Example (5) 

Evaluate the following expressions 

(i)   1tan 1                                        (ii)  3tan 1          

Solution 

(i)  Let     1tan 1  y ,    then     1tan y      and 
22


 y .    

     Hence   
4


y . 

(ii) Let    3tan 1y ,    then     3tan y      and 
22


 y .    

     Hence   
3


y  
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3.1.4 The Inverse Secant Function 

 

Definition 

The inverse secant function denoted by 1sec x or arcsec x, is defined by , 

   xy 1sec   or  xarcy sec   if and only if   yx sec  

for 1x , and   















 


,

22
,0 y . 

 

The graph of the function xy 1sec is illustrated in Fig. (3.8). The angles xy 1sec  come 

from the first and third quadrants because 















 


,

22
,0 y  [see Fig (3.9)]. 

 

 

 

 

 

 

                   

                  

                              Fig. (3.8).                                           Fig. (3.9). 

 

Remark 

The domain of the inverses are chosen to satisfy the following relationships 

 









 

x
x

1
cossec 11 ,  








 

x
x

1
sincsc 11 , 








 

x
x

1
tancot 11 . 

 

We can use these relationships to find values of  x1sec , x1csc , x1cot   on calculators that 

give only x1sin  , x1cos  and x1tan . 
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Example (6) 

Find the exact value of the following expressions whenever it is defined. 

 (i)   100tantan 1              (ii)   tantan 1             (iii) 














 

4
coscos 1 

 

Solution 

(i)  Since  100 , then     100100tantan 1     

(ii)  Since 









2
,

2


 ,  then      0)0(tantantan 11     

(iii) Since 
4


    ,0 , then 















 

4
coscos 1 

 =  








2

1
cos 1

4


 . 

 

Example (7) 

Find the exact values of   


















3

2
tansec 1  ,                         

















3

2
tansin 1  ,                             

















3

2
tancot 1  

Solution 

If we let  







 

3

2
tan 1y  then  3/2tan y . We may regard y as the radian measure of an 

angle of a right triangle such that  3/2tan y , as illustrated in Fig.(3.10). By the  

Pythagorean theorem, the hypotenuse is 1323 22  . Referring to the triangle, we 

obtain,    

 
















3

2
tansec 1  = 

3

13
 

 
















3

2
tansin 1  = 

13

2
 

 
















3

2
tancot 1  = 

2

3
                                                Fig.(3.10) 

 

Example (8) 

Find :   
















  )2(csc

3

2
seccot 11  
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Solution 

We work from inside out, using reference triangles to exhibit ratios and angles. 

Negative values of the secant come from second-quadrant angles; 

6

5

3

2
sec

3

2
sec 11 




















   

 

 

Negative values of the cosecant come from fourth-quadrant angles; 

 
61

2
csc2csc 11 











               

Then 



























 

66

5
cot)2(csc

3

2
seccot 11 

           

                                                    
3

1

3

2
cot 











 . 

 

Exercises (3.1) 

(I) Find the exact value of the following expression whenever it is defined. 

1 a)  















2

3
sin 1                b)  
















2

2
cos 1                      c)  









3

1
tan 1   

2 a)  








2

1
sin 1                  b)  







 

2

1
cos 1                       c)   1tan 1    

3 a)  








3
sin 1 

                b)  








2
cos 1 

                        c)  








2

1
sec 1   

4 a)  








3

2
sin 1 

              b)  








3
cos 1 

                        c)  








3

1
sec 1   

5 a) 

















10

3
sinsin 1                                             b) 

















3

2
coscos 1   

   c)   14tantan 1                                                  d)   2secsec 1  

6 a) 
















5

2
sinsin 1                                                 b) 















 

4

3
coscos 1   

   c)   12tantan 1                                                 d)   5secsec 1  
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7 a) 
















3
sinsin 1 

                                              b) 
















6

5
coscos 1 

 

c)  

















6
tantan 1 

                                           d) 
















6
secsec 1 

. 

8 a) 
















4
sinsin 1 

                                            b) 
















3

2
coscos 1 

 

c)  
















4
tantan 1 

                                           d) 
















6
secsec 1 

. 

9 a)  

















2

1
cossin 1                                    b) 

















4
sectan 1 

 

  c)  
















2

1
sintan 1                                        d)    1tansin 1    

 

(II)  Rewrite as an algebraic expression in x  for  0x  ; 

     (1)  )(tansin 1 x                                          (2)  )(sintan 1 x   

    (3)  )(costan 1 x                                          (4)  )(tancos 1 x   

    (5)  






 

3
sinsec 1 x

                                       (6)  






 

2
cossin 1 x

 

    (7)  






 

x

1
sincot 1                                       (8)  







 

x

1
sectan 1  

 

(III) Find the solutions of the equation that are in the given interval. 

      (1)  






 


2
,

2
;03tan9tan2 2 

tt  

      (2)   ,0;03cos14cos15 24  tt  
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3.2 Derivatives and Integrals 

We consider next the derivatives and integrals of the inverse trigonometric functions and 

integrals that result in inverse trigonometric functions. We concentrate on the inverse sine, 

cosine, tangent, and secant functions. 

Theorem (3.3.1) 

If  )(xfu   is differentiable with x restricted to values for which the indicated function is 

defined, 

dx

du

u
u

dx

d

dx

du

u
u

dx

d

2

1

2

1

1

1
cos,

1

1
sin







 

dx

du

uu
u

dx

d

dx

du

u
u

dx

d

1

1
sec,

1

1
tan

2

1

2

1





 

 

Proof We shall consider only the special case xu  , since the formulas for )(xfu   may 

then be obtained by applying the chain rule.  

Let   xy 1sin  ,  then    xy sin . Differentiate both sides w.r.t. x,   1cos 
dx

dy
y , and 

hence,      x
dx

d 1sin   = 
22 1

1

sin1

1

cos

1

xyydx

dy





  

The formula for x
dx

d 1cos   can be obtained in a similar way. 

Let   xy 1tan ,  then    xy tan . Differentiate both sides w.r.t. x,  1sec2 
dx

dy
y ,   and 

hence,      x
dx

d 1tan  
222 1

1

tan1

1

sec

1

xyydx

dy





  

Similarly we can find the derivative of  x
dx

d 1sec  

 

Example (1)  Find dxdy /  for the following functions, 

        31sin)( xyi                               1tan)( 1   xyii  

Solution 

.
1

3

)(1

1
)(

6

2
3

23 x

x
x

dx

d

xdx

dy
i
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1
)1(1

1
)(

2



 x

dx

d

xdx

dy
ii  

   
12

1

)1(1

1




xx )2(12

1




xx
        

                                  . 

Example (2)  Find dxdy /  for the following functions, 

xyi 5sec)( 1              xeyii 21sin)(                   )(lntan)( 1 xyiii   

Solution 

)5(
1)5(5

1
)(

2
x

dx

d

xxdx

dy
i


  

125

1

2 


xx
                          . 

x

x
x

x e

e
e

dx

d

edx

dy
ii

4

2
2

22 1

2

)(1

1
)(





                              

.
])(ln1[

1
)(ln

)(ln1

1
)(

22 xx
x

dx

d

xdx

dy
iii





  

 

We may use theorem (3.3.1) for differentiation to obtain the following integration formulas 

  

Theorem (3.3.2) 

(i)   


 1;sin
1

1 1

2
ucudu

u
 

(ii)  


 uallforcudu
u

;tan
1

1 1

2
 

(iii)  


 1;sec
1

1 1

2
ucudu

uu
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These formulas can be generalized for 0a  as follows , 

 

(i)  











 .;sin
1 1

22
auc

a

u
du

ua
 

(ii)  



















 uallforc
a

u

a
du

ua
;tan

11 1

22
 

(iii) auc
a

u

a
du

auu






















 ;sec
11 1

22
 

Example (3)     Evaluate the following integrals, 




2/3

2/1
21

)(
x

dx
i                                                      

1

0

21
)(

x

dx
ii  




2

3/2
2 1

)(
xx

dx
iii                                                 x

x

e

dxe
iv

4

2

1
)(  

Solution 

 )2/1(sin)2/3(sinsin
1

)( 112/3

2/1

1

2/3

2/1
2

 


 x
x

dx
i  .

1243


                                

 .
4

0
4

)0(tan)1(tantan
1

)( 11

1

0

1

0

1

2








 x
x

dx
ii  

 )3/2(sec)2(secsec
1

)( 11

2

3/2

2

3/2

1

2

 


 x
xx

dx
iii

1264


                                                                  

.)(tan
2

1

)(1

)2(

2

1

1
)( 21

22

2

4

2

ce
e

dxe

e

dxe
iv x

x

x

x

x









  

 

Example (4)     Evaluate the following integrals, 


 49

)(
x

dxx
i                                                             

 4
)(

6xx

dx
ii  

  )][ln4(
)(

2xx

dx
iii                                                 xx

x

ee

dxe
iv

42
)(  

Solution 

.
3

sin
2

1

)(9

)2(

2

1

9
)(

2
1

224
c

x

x

dxx

x

dxx
i 
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.
2

sec
6

1

4)(

)3(

3

1

4
)(

3
1

233

2

6
c

x

xx

dxx

xx

dx
ii 

















  

.
2

ln
tan

2

1

)][ln4(

)/1(

)][ln4(
)( 1

22
c

x

x

dxx

xx

dx
iii 

















  

.)(tan
3

1

)(1

)3(

3

1

1
)( 31

23

3

6

3

42
ce

e

dxe

e

dxe

ee

dxe
iv x

x

x

x

x

xx

x












   

 

 

 

Example (5)     Evaluate the following integrals, 






dx
x

x
i

2

1

1

sin
)(                                          dx

x

x
ii 





2

1

1

)(sincos
)(  

dx
x

x
iii 

 6

2

5
)(                                            dx

xx
iv   12 tan)1(

1
)(  

Solution 

.
2

)(sin

1

1
sin

1

sin
)(

21

2

1

2

1

c
x

dx
x

xdx
x

x
i 

























   

 





















2

1

2

1

1
)(sincos

1

)(sincos
)(

x

dx
xdx

x

x
ii  

                                     cxcx   )(sinsin 1  

dx
x

x
iii   6

2

5
)( .

5
tan

5

1

3

1

)5(

3

3

1 3
1

62

2

c
x

dx
x

x















  

.tanln
tan

)(tan

tan)1(

1
)( 1

1

1

12
cx

x

xd
dx

xx
iv 









   

 

Exercises (3.2) 

(I)  Find  dxdy /  for the following functions, 

(1)  xy 1sin  .               (2)  .sin 13 xxy          (3)  )53(tan 1   xy  

(4)  .)(tan 21 xey            (5)  xx eey  1sec       (6)  31sec xy   

(7)  212 tan xxy  .           (8) .)(lntan 1 xy           (9)  1sec 21   xy  

(10) .cos 31 xey            (11)  
x

y
1sin

1


              (12)  xy 1sin   



 67 

(13)  31 )3cos1( xy    (14)  xy 1sec          (15)  )(tanln 21 xy   

(16)  3 21tan xy      (17)  
31sin3 xy



              (18)  )ln(sin 21 xey   

 (19)  
1

tan
2

1






x

x
y .        (20)

2

1

1

sin

x

x
y






 

(21) xxxy 111 cos)(cos)(cos   .    

 

 

 

(II)  Evaluate the following integrals, 

(1)  
dx

x 16

1
2

              (2)    234 x

dx
                    (3)  

4

0

2 16

1
dx

x
 

 (4)  




2

2

234 x

dx
               (5) 


dx

x

x

41
               (6)  

 94xx

dx
                 

(7) 


2/2

0
41

dx
x

x
        (8)    



dx
x

x
2

1

1

tan
              (9)  

dx
x

x

1cos

sin
2

 

 (10)  dx
x

x






2

31

1

)(sin
       (11) 


dx

xx )1(

1
         (12)  

 95 2xx

dx
 

 (13)   
 12xe

dx
            (14)   

 xe

dx

41
              (15)  dx

xx

x






1

)(secsec

2

12

 

 

 

3.3 Hyperbolic Functions 

Many of the advanced applications of calculus involve the exponential expressions 

2

xx ee 
        and          

2

xx ee 
 

Which define the hyperbolic functions. These hyperbolic functions are used to solve a variety 

of problems in the physical sciences and engineering. 

 

3.3.1 Basic Definitions 

There are six hyperbolic functions similar to the trigonometric functions called hyperbolic 

sine, hyperbolic cosine, hyperbolic tangent, hyperbolic cotangent, hyperbolic secant, and 
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hyperbolic cosecant and denoted by xsinh , xcosh , xtanh , xcoth , xhsec , and xhcsc  

respectively, [see Fig.(3.11)], and are defined as follows     

 

Definitions  

.
2

sinh,
2

cosh
xxxx ee

x
ee

x
 




  

0,
sinh

cosh
coth

cosh

sinh
tanh 



















x
ee

ee

x

x
x

ee

ee

x

x
x

xx

xx

xx

xx

 

0,
2

sinh

1
csc

2

cosh

1
sec 








x

eex
xh

eex
xh

xxxx

 

 

 

 

 

                      

 

 

                                 xy sinh                                          xy cosh  

 

 

 

 

                      

                          

                               xy tanh                                                   xy coth                

 

 

 

 

 

                       

                               xhy sec                                                        xhy csc                    

                       Fig.(3.11)          

The hyperbolic functions has a number of identities similar to the trigonometric functions 

listed in the following theorem.  
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Theorem (3.3.1) 

1sinhcosh)( 22  xxi                                         xhxii 22 sectanh1)(   

xhxiii 22 csc1coth)(                                       xxxiv coshsinh22sinh)(   

xxxv 22 sinhcosh2cosh)(                              
2

12cosh
cosh)( 2 


x

xvi                                                     

2

12cosh
sinh)( 2 


x

xvii  

 

Example (1)      

Approximate the following  to four decimal places 

       (i)  )4(sinh                                          (ii)  )2(sech  

Solution 

(i)  2899.27
2

0183156.059815.54

2
)4(sinh

44








ee

 

(ii)  2658.0
2

)2(sec
22





ee
h  

3.3.2 Derivatives and Integrals 

 

Theorem (3.3.2) 

If  )(xfu   is differentiable , then 

dx

du
uu

dx

d
i coshsinh)(                                               

dx

du
uu

dx

d
ii sinhcosh)(   

dx

du
uhu

dx

d
iii 2sectanh)(                                         

dx

du
uhu

dx

d
iv 2csccoth)(   

dx

du
uuhuh

dx

d
v tanhsecsec)(                                

dx

du
uuhuh

dx

d
vi cothcsccsc)(   

 

 

Proof As usual we consider only the case xu  .  

x
eeee

dx

d
x

dx

d
i

xxxx

cosh
22

sinh)( 











 




x
eeee

dx

d
x

dx

d
ii

xxxx

sinh
22

cosh)( 
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x

xxxx

x

x

dx

d
x

dx

d
iii

2cosh

sinhsinhcoshcosh

cosh

sinh
tanh)(


       

                          xh
x

2

2
sec

cosh

1
 . 

x

xxxx

x

x

dx

d
x

dx

d
iv

2sinh

coshcoshsinhsinh

sinh

cosh
coth)(


                           

                         xh
x

2

2
csc

sinh

1



 . 

x

x

xx

x

xdx

d
xh

dx

d
v

cosh

sinh

cosh

1

cosh

sinh

cosh

1
sec)(

2



  

                        xxh tanhsec . 

x

x

xx

x

xdx

d
xh

dx

d
vi

sinh

cosh

sinh

1

sinh

cosh

sinh

1
csc)(

2



  

                        .cothcsc xxh  

 

Example (2)  Find dxdy /  for the following functions, 

      3sinh)( xyi                                        2sec)( xhyii   

      )1(cosh)( 2  xyiii                            )(tanh)( xeyv   

Solution 

.cosh3cosh)( 3233 xxx
dx

d
x

dx

dy
i   

22222 tanhsec2tanhsec)( xxhxx
dx

d
xxh

dx

dy
ii   

)1(sinh2)1()1(sinh)( 222  xxx
dx

d
x

dx

dy
iii  

.secsec)( 22 xxxx ehee
dx

d
eh

dx

dy
iv   

. 

Example (3)  Find dxdy /  for the following functions, 

      21tanh)( xyi                                   )(cosh)( 3xeyii   

      )(lncoth)( xyiii                                    )(csc)( 3xhyiv   

Solution 

222 11sec)( x
dx

d
xh

dx

dy
i  .1sec

1

22

2
xh

x

x
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.)(sinh3)(sinh)( 3333 xxxx eee
dx

d
e

dx

dy
ii   

)(lncsc
1

)(ln)(lncsc)( 22 xh
x

x
dx

d
xh

dx

dy
iii   

332333 cothcsc3cothcsc)( xxhxx
dx

d
xxh

dx

dy
iv   

 

We may use theorem (3.3.2) for differentiation to obtain the following integration formulas 

 

 

 

Theorem (3.3.3) 

  .coshsinh)( cuduui                                       .sinhcosh)( cuduuii   

  .tanhsec)( 2 cuduuhiii                                  .cothcsc)( 2 cuduuhiv  

  .sectanhsec)( cuhduuuhv                           .cothcothcsc)( cuduuuhvi  

 

Example (4).   Evaluate the following integrals, 

 dxxhxi 22sec)(                                    dxxii 3tanh)(  

 dxxiii 2sinh)(                                        dxxeiv x sinh4)(  

Solution 

.tanh
2

1
)2(sec

2

1
sec)( 22222 cxdxxxhdxxhxi    

   dx
x

x
dx

x

x
dxxii

3cosh

3sinh3

3

1

3cosh

3sinh
3tanh)(  

                              .)3(coshln
3

1
cx   

.
2

2sinh

2

1

2

12cosh
sinh)( 2 cx

x
dx

x
dxxiii 











   

  





dxedx
ee

edxxeiv x
xx

xx )22(
2

4sinh4)( 2    .22 cxe x                   
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Exercises (3.3) 

(I) Approximate the following  to four decimal places: 

(1)  )4(lncosh     (2)  )3(sinh       (3)  )3(tanh      (4) )3.2(sech         (5)  )10(coth  

 (6) )2(tanh       (7)  )1(csc h     (8)  )1.2(cosh    (9)  )6(coth           (10)  )2.3(sech  

(II)  Find 
dx

dy
 for the following functions, 

(1) )5(sinh xy              (2) )13(sinh  xy          (3)  xxy tanh  

(4)  23 tanh xxy           (5)  









x
y

1
cosh               (6)  43sec xhy   

(7)  )2sinh(ln xy          (8)  )(lncosh xy              (9)  )(lncoth xy   

(10)  )(cothln xy        (11)  )(csctan 1 xhy       (12) )(secsin 1 xhy    

   

(III) Evaluate the following integrals. 

(1)  dxxx 32 cosh            (2)    dxxh )12(sec 2     (3)  dx
x

xsinh
 

 (4)   dxxx 32 cosh           (5)  dx
x3cosh

1
2

           (6)  dx
x2sinh

1
2

 

(7)  dxxhx 3sec3tanh   (8)  dxxhx 2csc2coth (9)  dxxhx 2csccosh  

(10)  
dx

x

x

2sinh1

2cosh
      (11)  dxxcoth           (12)  dxee xx 33 cosh  

 

 

3.4  Inverse Hyperbolic Functions 

It is clear from the graphs of the hyperbolic functions that ,tanh,sinh xx  xcoth  and xhcsc  

are one-to-one for all values of x, while the graphs of  ,cosh x and xhsec  are one-to-one for  

0x  only, so they are invertible. The graph of the inverse hyperbolic functions were 

obtained by reflecting the graphs of the hyperbolic functions about the line  .xy   

 

3.4.1 Basic Definitions 

Since the hyperbolic functions are expressible in terms of xe , then the inverse hyperbolic 

functions are expressible in terms of  xln  as in the following theorem. 
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Theorem (3.4.1) 

 1lnsinh 21  xxx                                  1lncosh 21  xxx   















x

x
x

1

1
ln

2

1
tanh 1                            













 


x

x
xh

2

1
11

lnsec   

 

 

Proof 

(i)  Let   ,sinh 1 xy   then      
2

sinh
yy ee

yx


 ,  which can be rewritten as,   

02   yy exe .  Multiplying both  sides by  ye , 

 .0122  yy exe  Solve by quadratic formula, 

          1
2

442
2

2




 xx
xx

e y  .      

Since  0ye , refuse the minus sign.   

Thus 12  xxe y .  Taking the natural logarithms yields, 

    .1lnsinh,1ln 212   xxxorxxy  

 

Similarly, we can prove the formula for x1cosh  and xh 1sec  . 

(iii)  Let   ,tanh 1 xy   then      
yy

yy

ee

ee
yx








 tanh ,  which can be rewritten as,  

yy exex  )1()1( . Multiplying both sides by ye , 

 .
1

12















x

x
e y  Solve by quadratic formula, and take the natural logarithms, we obtain, 

.
1

1
ln

2

1
tanh,

1

1
ln

2

1 1


























 

x

x
xor

x

x
y  
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3.4.2 Derivatives and Integrals 

The derivative of the inverse hyperbolic functions may be obtained from direct differentiating 

the logarithmic expressions above or similar to that done in inverse trigonometric functions. 

 




















1
1

1

1
1lnsinh

22

21

x

x

xx
xx

dx

d
x

dx

d
              

                   .
1

1

)1()1(

1

222

2









xxxx

xx
 

 

In another way,  let  xy 1sinh   , then   xy sinh .   

Differentiate both sides w.r.t. x,  1cosh 
dx

dy
y ,  

.
1

1

1sinh

1

cosh

1
sinh

22

1







xxydx

dy
x

dx

d
 

In the same way and if  )(xfu   is differentiable , then 

by using chain rule we can show the following relations, 

 

Theorem (3.4.2) 

dx

du

u
u

dx

d

1

1
sinh

2

1


  ,        1,

1

1
cosh

2

1 


 u
dx

du

u
u

dx

d
 

1,
1

1
tanh

2

1 


 u
dx

du

u
u

dx

d
,  10,

1

1
sec

2

1 



 u

dx

du

uu
uh

dx

d
                

 

 Example (1)  Find dxdy /  for the following functions, 

      31sinh)( xyi                                         21sec)( xhyii   

       xeyiii 21cosh)(                                   xyiv lntanh)( 1  

Solution 

.
1

3

1

1
)(

6

2
3

6 





x

x
x

dx

d

xdx

dy
i  

4

2

42 1

2

1

1
)(

xx
x

dx

d

xxdx

dy
ii









  

1

2

1

1
)(

4

2
2

4 





x

x
x

x e

e
e

dx

d

edx

dy
iii  
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.

)(ln1

1
ln

)(ln1

1
)(

22 xx
x

dx

d

xdx

dy
iv





  

 

We may use theorem (3.4.2) for differentiation to obtain the following integration formulas 

 

Theorem (3.4.3) 

(i) cu
u

du







1

2
sinh

1
             (ii) cu

u

du







1

2
cosh

1
                           

 (iii) cu
u

du







1

2
tanh

1
            (iv) cuh

uu

du







1

2
sec

1
                     

                       

These formulas can be generalized for 0a  as follows , 

 

(i) c
a

u

ua

du
















1

22
sinh        (ii) c

a

u

au

du
















1

22
cosh  

(iii) c
a

u

aua

du























1

22
tanh

1
 (iv) c

a

u
h

auau

du























1

22
sec

1
 

 

 

Example (2)   Evaluate the following integrals, 


 291

)(
x

dx
i                                               x

x

e

dxe
ii

4

2

25
)(  


 94

)(
2x

dx
iii                                            

 416
)(

xx

dx
iv  

Solution 

cx
x

dx

x

dx
i 








  )3(sinh
3

1

)3(1

3

3

1

91
)( 1

22
 

 

.tanh
10

1

25

2

2

1

25
)( 21

4

2

4

2

ce
e

dxe

e

dxe
ii x

x

x

x

x


















  

.
3

2
cosh

2

1

94

2

2

1

94
)( 1

22
c

x

x

dx

x

dx
iii 

















  

 



 76 

.
4

sec
8

1

16

2

2

1

16
)(

2
1

424
c

x
h

xx

dxx

xx

dx
iv 















 









  

 

 

Example (3)   Evaluate the following integrals, 


 25

)(
4x

dxx
i                                            

 
 xx

dx
ii

1
)(  


 84

)(
xx

dx
iii                                        

 2)(ln1
)(

xx

dx
iv  

Solution 

.
5

cosh
2

1

25

2

2

1

25
)(

2
1

44
c

x

x

dxx

x

dxx
i 

















  

   
  .tanh2

1

2

1

2
1

)( 1

2
cx

x

dx
x

xx

dx
ii 






















  

 

.sec
4

1

1

4

4

1

1
)( 41

84

3

8
cxh

xx

dxx

xx

dx
iii 











  

.)(lnsinh
)(ln1

1

)(ln1
)( 1

22
cx

x

dx
x

xx

dx
iv 

















  

 

 

 

Exercises (3.4) 

(I)  Find 
dx

dy
 for the following functions, 

(1)  )5(sinh 1 xy        (2)  )(sinh 1 xey        (3)  xy 1cosh         (4)  )(lncosh 1 xy          

(5)  )4(tanh 1 xy      (6)  )(tanh 41 xy       (7)  21sec xhy           (8)  
31tanh xey



          

(9) 
x

xy
1

sinh 1 .     (10) xhy 1sec      (11) )4(coshln 1 xy    (12) )(sinhln 1 xy                 

(13)  )1(tanh 1   xy .   (14)  xhey x 1sec        (15)  )(sinhcosh 11 xy                     
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(II) Evaluate the following integrals, 

(1) 


dx
x21681

1
                (2)  

 491 x

dxx
                        (3)  

dx
x2449

1
                       

(4) 


dx
e

e

x

x

92
                  (5) 


dx

e

e

x

x

162
                   (6)  





dx
x

x

2

1

1

sinh
                

(7) 


dx
xx 49

1
                (8)  

 44 x

dxx
                    (9)  

dx
x294

1
                      

(10)  
   2][ln25 xx

dx
            (11) 


dx

x249

1
            (12)  

 2][ln1 xx

dx
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Chapter (4) 

Techniques of Integration 

 

4.1 Basic Integration Formulas 

Now, we can summarize the basic rules derived in chapters (1) and (2), to be the base for 

different techniques of integration. The following table shows these formulas, where 

)(xfu   

 

















.1;ln

1;
1)1(

1

nifcu

nifc
n

u

duu

n

n  

  .ln)2( cu
u

du
                                .)3( ) cedue uu                        

  .
ln

)4(
)

c
a

a
dua

u
u                         

a

n
ua

ln

ln
log)5(   

  .cossin)6( cuduu                     .sincos)7( cuduu   

  .tansec)8( 2 cuduu                          .cotcsc)9( 2 cuduu  

  .sectansec)10( cuduuu              .csccotcsc)11( cuduuu  

.secln

coslntan)12(

cu

cuduu




        .sinlncot)13(   cuduu  

.tanseclnsec)14(   cuuduu       .cotcsclncsc)15(   cuuduu  

  cuduu coshsinh)16(                      .sinhcosh)17( cuduu      

  cuduuh tanhsec)18( 2               .cothcsc)19( 2 cuduuh                                

  cuhduuuh sectanhsec)20(      .csccothcsc)21( cuhduuuh       

  cuduu coshlntanh)22(           .sinhlncoth)23( cuduu  

  cuuhduuh cothcsclncsc)24(   .tansec)25( 1

   ceduuh u  

 











 c
a

u

ua

du 1

22
sin)26(          .tan

1
)27( 1

22
c

a

u

aua

du
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 c
a

u

aauu

du 1

22
sec

1
)28(      












 .sinh)29( 1

22
c

a

u

ua

du
 

 











 c
a

u

au

du 1

22
cosh)30(     c

a

u

aua

du












1

22
tanh

1
)31(  

 











 c
a

u
h

auau

du 1

22
sec

1
)32(    












 c
a

u
h

auau

du 1

22
csc

1
)33(  

 

 

 

4.2. Integration by Parts 

 The familiar differential formula for the product, 

dx

du
v

dx

dv
uvu

dx

d
)( . 

In its differential form, the rule become, 

duvdvuvud )( . 

Integration of both sides gives, 

 

  duvvudvu .  

 

This form is called integration by parts, which is a technique for simplifying integrals of the 

form, 

 

 dxxgxf )()(  

 

which not treated by the above basic integral forms. 

Now with a proper choice of  u  and  v  the integral on the left hand side is obtained in terms 

of the integral on the right hand side, whenever that on the right is easier to be evaluated than 

the original one. The integration by parts formula may be used more than once in the same 

problem.  

The form of the integral has many cases. 
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Case (1)  : One of the two functions is polynomial 

In this case, choose the polynomial to be differentiated, i.e.  nxu  , and  dv  is Integra bile, 

and note that we will use the integration by parts formula  n-times. 

 

Example (1)   Evaluate,   dxex x . 

Solution   

Let                  dxedvxu x ,  ,       , 

then              xevdxdu  , .  

  .ceexdxeexdxex xxxxx  

  

Example (2)   Evaluate,   dxxx cos . 

Solution   

Let                   dxxdvxu cos,  ,        

then                  xvdxdu sin,  .  

.cossinsinsincos cxxxdxxxxdxxx    

 

Example (3)   Evaluate,  
3/

0

2sec



dxxx . 

Solution    

Let   xu  ,    dxxdv 2sec .   then,    xvdxdu tan,  .  

  3/

0

3/

0

3/

0

3/

0

2 costantantansec







xnlxxdxxxxdxxx                               

 0cosln
3

cosln
3

tan
3





















12.1

2

1
ln3

3












  

  

Example (4)   Evaluate,   dxxx ln . 

Solution In this example, if we choose xu   and dxxdv ln , then dv is not integrable, so 

we choose 

      dxxdvxu  ,ln  , then    
2

,
1 2x

vdx
x

du  .  
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  .
4

ln
2

1
.

2
ln

2
ln

2222

c
x

x
x

dx
x

x
x

x
dxxx  

 

Example (5)   Evaluate,   dxex x22 . 

Solution  

Let   2xu      dxedv x2 .  Then     xevdxxdu 22,2  .  

  .42 22222 dxexexdxex xxx  

We use integration by parts again, let  xu    and   dxedv x2 , then   

xevdxdu 22,  . and 

          .]22[42 222222 dxeexexdxex xxxx  

          .482 2222 ceexex xxx   

 

 

Example (6)   Evaluate,   dxxx 23 cos . 

Solution   

 dxxx 23 cos  =   dxxxx )cos( 22  

Let   dxxxdvxu 22 cos,  ,    then  2sin
2

1
,2 xvdxxdu  .  

  dxxxxxdxxx 22223 sinsin
2

1
cos  

    .cos
2

1
sin

2

1 222 cxxx           

 

 

Case (2): The integral not contains polynomial  

 Choose the easier function for integration to be integrated, 

 

Example (7)  Evaluate,   dxxe x cos . 

Solution   

Let  xeu     dxxdv cos ,  then   xvdxedu x sin,  .  

   dxxexedxxe xxx sinsincos . 
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Again, use integration by parts, let xeu  , dxxdv sin , then                                       

,dxedu x xv cos  and,  

                  ]coscos[sincos dxxexexedxxe xxxx . 

The unknown integral now appears in both sides of the equation. Combining the two  

expressions gives, 

 .cossincos2 cxexedxxe xxx   

Thus,    

  .cossin
2

1
cos cxexedxxe xxx    

 

Example (8)  Evaluate,   dxx3sec . 

Solution      

  dxxxdxx 23 secsecsec  

Let  xu sec ,    dxxdv 2sec ,  then   xvdxxxdu tan,tansec  .    

  dxxxxxdxxxdxx 223 tansectansecsecsecsec                                      

                    dxxxxx )1sec(sectansec 2  

                              dxxdxxxx secsectansec 3  

Now, the unknown integral  appears in both sides of the equation, 

         .tanseclntansecsec2 3 cxxxxdxx   

            .tanseclntansec
2

1
sec3 cxxxxdxx   

 

 

Case (3)   The integral contain one function not treated by one of the basic rules. In This case 

we take this function to be differentiated and integrate dx. 

 

Example (9)  Evaluate,   dxxln . 

Solution 

  Let    xu ln  ,   dxdv   , then   xvdxxdu  ,/1 .         

        .ln
1

lnln cxxxdxx
x

xxdxx    
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Example (10)  Evaluate,  
 dxx1sin . 

Solution   

Let   xu 1sin  ,    dxdv  .,   then   xvdx
x

du 


 ,
1

1

2
 

 


  dx
x

x
xxdxx

2

11

1
sinsin  

                                 .1sin 21 cxxx    

 

Example (11)  Evaluate,  
 dxx1tanh . 

Solution   

Let   xu 1tanh ,  dxdv  .  Then   xvdx
x

du 


 ,
1

1
2

      

  
  dx

x

x
xxdxx

2

11

1
tanhtanh  

                       .1ln
2

1
tanh 21 cxxx    

 

So we can calculate the integral of all inverse trigonometric and inverse hyperbolic functions. 

 

 

 

 

Case (4). Reduction Formulas for Integrals     

Integration by parts may sometimes be employed to obtain reduction formulas for integrals. 

We can use such formulas to write an integral involving powers of an expression in terms of 

integrals that involve lower powers of the expression. 

 

Example (12)  Find a reduction formula for   .sin dxxn  

Solution  
 .sinsinsin 1 dxxxdxx nn   

Let xu n 1sin  ,   and   dxxdv sin , then 

 xvdxxxndu n cos,cossin)1( 2   . So 
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 dxxxdxx nn sinsinsin 1  

                    
  dxxxnxx nn 221 cossin)1(cossin  

                       dxxxnxx nn )sin1(sin)1(cossin 221                                                   

   dxxndxxnxx nnn sin)1(sin)1(cossin 21

 
  dxxnxxdxxn nnn 21 sin)1(cossinsin  

 

 









 








 
 dxx

n

n
xx

n
dxx nnn 21 sin

1
cossin

1
sin . 

 

 

Example (13)  Use the reduction formula for   dxxnsin  to evaluate   

                         (i)  .sin 4 dxx                                        (ii)  .sin5 dxx       

Solution 

(i)  Use the reduction formula for  4n , 

   















 
 dxxxxdxx 234 sin

4

3
cossin

4

1
sin  

Again, use the reduction formula for  2n , 

  























 
















 
 dxxxxxdxx

2

1
cossin

2

1

4

3
cossin

4

1
sin 34                    

                  .
8

3
cossin

8

3
cossin

4

1 3 cxxxxx 















 








 
  

 

(ii)  Use the reduction formula for  5n , 

   















 
 dxxxxdxx 345 sin

5

4
cossin

5

1
sin  

Again, use the reduction formula for  3n , 

  























 











 xdxxx

xx
dxx sin

3

2
cossin

3

1

5

4

5

cossin
sin 2

3
5                     

                   .
15

cos8

15

cossin4

5

cossin 23

c
xxxxx
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Tabular Integration 

 In case (1) where one of the two functions can be differentiated repeatedly to become 

zero, and if many repetitions are required, the calculations can be cumbersome. In situation 

like this, there is a way to organize the calculations that saves a great deal of work. It is called 

tabular integration and is illustrated in the following examples. 

 

Example (14) Evaluate   dxxx cos2 . 

Solution Let  2)( xxf     and   xxg cos)(  ,  we list, 

)(xf and its derivatives                   )(xg and its integrals 

 2x                      +                         xcos  

           2x                      -                          xsin  

2                   +                          xcos  

             0                                                   xsin  

.sin2cos2sincos 22 Cxxxxxdxxx   

 

Example (15)   Evaluate   dxex x23 . 

Solution  Let  3)( xxf     and   xexg 2)(  ,  we list, 

 

)(xf and its derivatives               )(xg and its integrals 

3x                       +                         xe2  

23 x                      -                          2/2xe                  

x6                       +                          4/2xe     

6                        -                        8/2xe  

0                                                    16/2xe  

c
ee

x
e

x
e

xdxex
xxxx

x  16
6

8
6

4
3

2

222
2

2
323  

                    .
8

3

4

3

4

3

2

1 222223 ceexexex xxxx   
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Exercises (4.2)    

(I) Evaluate the following integral, 

 dxex x)1(                      dxex x2)2(               dxex x32)3(                              

 dxxx sin)4(                  dxxx 5cos)5(         dxxx 3sin)6(    

 dxxxx tansec)7(         dxxx cos)8( 2        
 dxx1tan)9(                          

 dxxe x 2sin)10( 2            dxxx ln)11(        
 dxx1cos)12(                                 


 dxxe x sin)13(               

 dxx1tanh)14(       dxxx coslnsin)15(                     

 dxxx ln)16( 3             dxx3csc)17(            
 dxxh 1sec)18(  


2/

0

2sin)19(



dxxx              dxxx 2tan)20(         


1

0
2

3

1
)21( dx

x

x
                     

 

(II) Use integration by parts to derive the reduction formula 


 dxexnexdxex xnxnxn 1)1(  

.tantan
1

1
tan)2( 21

 
 










 dxxx

n
dxx nnn  


 dxxnxxdxx nnn 1)(ln)(ln)(ln)3(  

.cos
1

sincos
1

cos)4( 21

 









 









 dxx

n

n
xx

n
dxx nnn










 dxx

n

n
xx

n
dxx nnn 22 sec

1

2
tansec

1

1
sec)5(  

 

(III) Use Exercise (II) to evaluate   

 

 dxex x5)1(                      dxex x4)2(                       dxx 4)(ln)3(  

 dxx 5)(ln)4(                  dxx5sec)5(                    dxx4sec)6(  

 dxx5cos)7(                  dxx4cos)8(                    dxx3tan)9(  
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4.3  Trigonometric Integrals 

In the previous section we obtained a reduction formula for the integrals of  xnsin  and 

xncos  but we can do this integrals without the reduction formulas as follows. 

   .2sin
4

1

2

1
)2cos1(

2

1
sin 2 Cxxdxxdxx

   .2sin
4

1

2

1
)2cos1(

2

1
cos 2 Cxxdxxdxx  

If the power more than 2, we can use the general cases 

 

(I)                                                      dxxx nm cossin .  

 

We will discuss the integral for different values of  m, n. 

 

If   m  is an odd integer. 

The integral takes the form, 


 dxxxxdxxx nmnm sincossincossin 1  

Use the identity  xx 22 cos1sin   to express the expression xx nm cossin 1  in terms of  

xcos , and integrate. 

 

If   n  is an odd integer 

The integral takes the form, 


 dxxxxdxxx nmnm coscossincossin 1  

Use the identity  xx 22 sin1cos   to express the expression xx nm 1cossin   in terms of  

xsin , and integrate. 

 

If   m  and  n  are even integers 

Use the half-angle formulas: 
2

2cos1
sin 2 x

x


   and  
2

2cos1
cos 2 x

x


   to reduce the 

exponents. 

 

Example (1)   Evaluate :    dxxx 43 cossin  
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Solution 

  dxxxxdxxx sincossincossin 4243         

                 dxxxx sincos)cos1( 42    dxxxx sin)cos(cos 64    

              dxxxx )sin()cos(cos 64
.

7

cos

5

cos 75

c
xx
  

 

Example (2)   Evaluate :    dxxx 52 cossin  

Solution 

  dxxxxdxxx coscossincossin 4252  

                                dxxxx cos)sin1(sin 222  

  dxxxxx cos)sinsin21(sin 422

  dxxxxx cos)sinsin2(sin 642

.
7

sin

5

sin2

3

sin 753

c
xxx
  

 

Example (3)   Evaluate :    dxx5cos  

Solution 

  dxxxdxx coscoscos 45

  dxxx cos)sin1( 22  

  dxxxx cos)sinsin21( 42

.
5

sin

3

sin2
sin

53

c
xx

x   

 

Example (4)  Evaluate :    dxx3sin  

Solution 

  dxxxdxx sinsinsin 23    dxxx sin)cos1( 2    

  dxxx )sin()cos1( 2  .
3

cos
cos

3

c
x

x   
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Example (5)   Evaluate :    dxx2sin  

Solution 




 dx
x

dxx
2

2cos1
sin 2

  dxx)2cos1(
2

1
 

                     .
4

2sin

2
)

2

2sin
(

2

1
c

xx
c

x
x   

 

Example (6)   Evaluate :    dxx2cos  

Solution 




 dx
x

dxx
2

2cos1
cos 2

  dxx)2cos1(
2

1
 

                     .
4

2sin

2
)

2

2sin
(

2

1
c

xx
c

x
x   

 

 

Example (7)   Evaluate :   dxxx 22 cossin  

Solution 




 dx
xx

dxxx
2

2cos1

2

2cos1
cossin 22

  dxx)2cos1(
4

1 2  

                                 














 
 dxxdx

x
)4cos1(

8

1

2

4cos1
1

4

1
 

                                .
32

4sin

8
)

4

4sin
(

8

1
c

xx
c

x
x   

 

Example (8)   Evaluate :    dxx4sin  

Solution  

 






 
 dx

x
dxx

2

4

2

2cos1
sin   dxxx )2cos2cos21(

4

1 2  

                    dx
x

x 














 


2

4cos1
2cos21

4

1
 

       dx
x

x 









2

4cos
2cos2

2

3

4

1
         

       .)
32

4sin

4

2sin

8

3
( c

xxx
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Similar to the above form (I), we can treat the integral, 

 

 

(II)                                                      dxxx nm sectan . 

 

If   m  is an odd integer 

The integral takes the form 


 dxxxxxdxxx nmnm )tan(secsectansectan 11   

Use the identity  1sectan 22  xx  to express the expression xx nm 11 sectan   in terms of  

xsec , and integrate. 

 

If   n  is an even integer 

The integral takes the form, 


 dxxxxdxxx nmnm )(secsectansectan 22  

Use the identity  1sectan 22  xx  to express the expression xx nm 2sectan   in 

terms of  xtan , and integrate. 

If   m  is even and  n is an odd    

There is no standard method of evaluation. We may use integration by parts. 

 

Example (6)   Evaluate :    dxxx 53 sectan  

Solution 

  dxxxxxdxxx )tan(secsectansectan 4253        

  dxxxxx )tan(secsec)1(sec 42

  dxxxxx )tan(sec)sec(sec 46  

                             .
5

sec

7

sec 57

c
xx
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Example (7)   Evaluate :    dxxx 42 sectan  

Solution 

  dxxxxdxxx 22242 secsectansectan

  dxxxx 222 sec)1(tantan  

  dxxxx 224 sec)tan(tan  

c
xx


3

tan

5

tan 35

 

  

Integrals of the form,   dxxx nm csccot   may be evaluated in a similar method. 

 

 

(III)                                             

dxnxmx

dxnxmx

dxnxmx







coscos

,cossin

,sinsin

 

 

Here we use the product to sum formulas: 

 

])(cos)cos([
2

1
sinsin xnmxnmnxmx   

1
sin cos [sin( ) sin( ) ]

2
mx nx m n x m n x     

])(cos)cos([
2

1
coscos xnmxnmnxmx  . 

 

 

Example (8)   Evaluate :    dxxx 3sin5cos  

Solution 

1
cos5 sin3 (sin8 sin( 2 ))

2
x xdx x x dx    .2cos

4

1
8cos

16

1
cxx 
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Example (9)   Evaluate :    dxxx 2sin4sin  

Solution 

  dxxxdxxx )6cos2(cos
2

1
2sin4sin .6sin

12

1
2sin

4

1
cxx   

 

Exercises (4.3)   

(I) Evaluate  the following integrals, 

 dxx3cos)1(              dxxx sincos)2( 5           dxx6sin)3(  

 dxxx 52 cossin)4(       dxxx 43 sectan)5(     dxxx 2sec2tan)6( 32

  

 dxxx 33 sectan)7(     dxxxsectan)8( 6           dxx6tan)9(  

 dxx4sec)10(               dxxx 3cossin)11(     dxxx 52 sincos)12(  

 dxxx 3sin5sin)13(    dxxx sincos)14( 5/1        dxxx 2)cot(tan)15(  

 dxaxaxcossin)16(      
2/

0

2cos3sin)17(



dxxx     dxxx 3sin2cos)18(  

 dxxx 44 cotcsc)19(     dxxx 22 csccot)20(        
dx

x

x
2

2

)tan1(

sec
)21(  

 

 (II)  Prove that if m and n are positive integers, 

  

               

























nmifc
m

mx

nmifc
nm

xnm

nm

xnm

dxnxmx

4

2sin

2

)(2

)(sin

)(2

)(sin

sinsin  

 

 

(III)  Let  m,  n  be distinct nonnegative. Prove that: 

(1)   0cossin

2

0

 dxnxmx



  (2)   0coscos

2

0

 dxnxmx



     (3)   0sinsin

2

0

 dxnxmx



 

 

(IV)   Use the reduction formula to show that, 






2/

0

2

2/

0

sin
1

sin



dxx
n

n
dxx nn . 
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Then use this formula to evaluate, 


2/

0

3sin)1(



dxx                               
2/

0

4sin)2(



dxx  


2/

0

5sin)3(



dxx                              
2/

0

6sin)4(



dxx  

 

4.4 Trigonometric Substitutions  

The technique here is useful for eliminating radicals from certain types of integrals. The 

substitutions are listed in the following table: 

 

Expression in integrand Trigonometric substitution Element of integration 

22 xa   sinax    dadx cos  

22 xa   tanax    dadx 2sec  

22 ax   secax    dadx tansec  

 

We shall assume that    is in the range of the corresponding inverse trigonometric function. 

 

 

 

 

 

 

 

               

          sinax                                tanax                                   secax   

     cos22 axa                      sec22 axa                         tan22 aax   

 

Example (1)   Evaluate :   


dx
xx 22 16

1
 

 

 



 94 

Solution 

Let  sin4x ,      then,   

 ddxx cos4,cos4sin161616 22   

 






d

d
dx

xx
2222 sin

1

16

1

)cos4()sin16(

cos4

16

1
        

                             cd    cot
16

1
csc

16

1 2                            

We must now return to the original variable of integration, x.  By drawing a right triangle that 

corresponding to sin4x , i.e.  )4/(sin 1 x .   

Then  
x

x216
cot


 .  

Therefore, 

.
16

16

16

1
2

22
C

x

x
dx

xx






  

 

Example (2)   Evaluate :   


dx
x24

1
 

Solution 

Let  tan2x .  Then,   ddx 2sec2 , and, 

 sec2tan12tan444 222  x  

 






d

d
dx

x
sec

sec2

sec2

4

1
2

2
 

                       c  tansecln c
xx





22

4
ln

2

 

 

Example (3)   Evaluate :   


dx
x

x

2

2

9
 

Solution    

Let  sin3x ,  then, 

 ddxx cos3,cos3sin999 22   
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d

d
dx

x

x 2
2

2

2

sin9
cos3

cossin9

9
          

                        


  


d
2

cos21
9 c










2

2sin

2

9 
  

                          c  cossin
2

9
               

.
9

9

3
sin

2

9

9

2

1

2

2

c
xxx

dx
x

x














 






  

 

Example (4)   Evaluate :   


dx
x

x 92

 

Solution 

  Let  .sec3 x    then,   ddx tansec3 ,   and, 

.tan31sec39sec99 222  x

  






dddx

x

x
2

2

tan3tansec3
sec3

tan39
          

  .3tan3)1(sec3 2 cd   

                        .
3

sec3
3

9
3 1

2

c
xx












           

 

Example (5)   Evaluate :   


dx
x

x
6

2/32 )1(
 

Solution   

Let  sinx  ,  then,    ddx cos  











ddx

x

x
cos

sin

)sin1()1(
6

2/32

6

2/32

  



d

6

4

sin

cos
 

                          =  



d

24

4

sin

1

sin

cos
  d24 csccot  

                  )csc(cot 24  d c
x

x
c 













 


5
25 1

5

1

5

cot 
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Exercises (4.4)   

 Evaluate the following integrals, 

 


dx
xx 24

1
)1(           dxx24)2(              


dx

xx 25

1
)3(

22
  




dx
x

x

2

2

4
)4(              

 


dx
x

2/32 1

1
)5(         dx

x

x


 9
)6(

2

 

 


dx
x

2236

1
)7(          


dx

xx 94

1
)8(

22
     

 


dx
x

x
2216

)9(   

  dxxx 23 16)10(       


dx
x

x

499
)11(

2

3

    dx
x

x
  2/52

3

)4(
)12(   




dx
xx 3

1
)13(

24
     dx

xx


 24 4

1
)14(   


dx

x

x
3

22 )4(
)15(  

                     

 

 

4.5 Integration of Rational Function Using Partial Fractions 

A  rational function is a ratio of two polynomials, 

,
)(

)(
)(

xg

xf
xQ   

where )(xf  and  )(xg  are polynomials. 

If the degree  of  )(xf  is greater than or equal the degree  of  )(xg , use long division to  

obtain a function of the form, 

,
)(

)(
)()(

xg

xh
xkxQ   

where the degree of )(xh now is less than the degree of  )(xg .  

Now the rational faction ,
)(

)(

xg

xh
  is a fraction, and  no matter how complicated, it can  be 

rewritten as a sum of simpler fractions that we can integrate with techniques we already 

know. This method of rewriting  the complicated fraction as a sum of simpler fractions is 

called the method of partial fractions.  

 This method may be summarized as,  express the polynomial )(xg  as a product of 

linear factor  )( bax   or irreducible quadratic factors  )( 2 cbxax  , and collect repeated 
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factors so that )(xg  is a product of different factors of the form nbax )(   and  

ncbxax )( 2  . Then apply the following two rules. 

 

Rule (1).  For each factor of the form nbax )(  , the partial fraction decomposition contains 

the following sum of  n  partial fractions: 

n

n

bax

A

bax

A

bax

A

)(
...

)( 2

21








, 

where  nAAA ,...,, 21  are constants to be determined. In the case where 1n , only the 

first term in the sum appears. 

 

 

Rule (2).  For each factor of the form ncbxax )( 2  , the partial fraction decomposition 

contains the following sum of  n  partial fractions: 

n

nn

cbxax

BxA

cbxax

BxA

cbxax

BxA

)(
...

)( 222

22

2

11














, 

where  ,,...,,,,...,, 2121 nn BBBAAA  are constants to be determined. In the case 

where 1n , only the first term in the sum appears. 

 

Example (1)  Evaluate :    


dx

xx

x

43

105
2

 

Solution   

14)1()4(

105

43

105
2 














x

B

x

A

xx

x

xx

x
 

)1()4(

)4()1(






xx

xBxA
 

The two fractions in the left and right are the same, then 

)4()1(105  xBxAx  

The coefficients BandA may be determined by two methods 

 

Method_1. Verify  both sides for any value of x, 

 For .3,515,1  BBx  

 For  .2,510,4  AAx  
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Method_2. Equating the coefficients on both sides for every powers of x, 

 104,5  BABA . Solve  the two equations to find  .3,2  BA    

Then 

1

3

4

2

43

105
2 









xxxx

x
.  Therefore 

dx
xx

dx
xx

x
 



















1

3

4

2

43

105
2

    

                                .1ln34ln2 cxx   

 

Example (2)  Evaluate :    
dx

xx 2

1
2

 

Solution   

21)2()1(

1

2

1
2 








 x

B

x

A

xxxx
  

)2()1(

)1()2(






xx

xBxA
 

1)1()2(  xBxA .  Solve to find,  3/1,3/1  BA . Then, 

dx
xx

dx
xx 2

3/1

1

3/1

2

1
2 





  .2ln

3

1
1ln

3

1
cxx   

 

Example (3)   Evaluate :    


dx

xx

x
23 2

42
 

Solution   

2)2(

42

2

42
2223 











x

C

x

B

x

A

xx

x

xx

x

)2(

)2()2(
2

2






xx

xCxBxAx
 

42)2()2( 2  xxCxBxAx .  Solve to find 

 .2,2  CBA  Then, 

dx
xxx

dx
xx

x
 





















2

222

2

42
223

.1ln2
2

ln2 cx
x

x   

 

Example (4)  Evaluate :    


dx

xx

xxx
3

23

)2()1(

429183
 

Solution   

323

23

)2()2(21)2()1(

429183

















x

D

x

C

x

B

x

A

xx

xxx
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.
)2()1(

)1()2()1()2()1()2(
3

23






xx

xDxxCxxBxA
 

Then )1()2()1()2()1()2(429183 2323  xDxxCxxBxAxxx  

 

Solve to find,  .2,3,1,2  DCBA   Hence, 

dx
xx

xxx
 


3

23

)2()1(

429183
 dx

xxxx 






















32 )2(

2

)2(

3

2

1

1

2
                        

                                                 .
)2(

1

2

3
2ln1ln2

2
c

xx
xx 





  

 

Example (5)   Evaluate :    


dx

xxx

xx

133

2
23

2

 

Solution   

)13()13(

2

133

2
2

2

23

2










xxx

xx

xxx

xx

)1()13(

2
2

2






xx

xx
     

                            
)1()13(

)13()()1(

113 2

2

2 












xx

xCxBxA

x

CxB

x

A
 

)13()()1(2 22  xCxBxAxx .  

Solve to find:   .
5

3
,

5

4
,

5

7
 CBA  Then, 

dx
x

x

x
dx

xxx

xx
 













1

)5/3()5/4(

13

5/7

133

2
223

2

      

                                           dx
x

x

x

dx
  









1

34

5

1

135

7
2

      

                                             










15

3

1

2

5

2

13

3

15

7
22 x

dx

x

dxx

x

dx
          

                             .tan
5

3
1ln

5

2
13ln

15

7 12 cxxx 


   

 

Example (6).   Evaluate :    


dx

xx

xxxx
22

234

)3()2(

9201643
 

Solution.   

22222

234

)3(32)3()2(

9201643


















x

EDx

x

CBx

x

A

xx

xxxx
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22

222

)3()2(

)2()()2()3()()3(






xx

xEDxxxCBxxA
 

then 

  
)2()()2()3()()3(

9201643

222

234





xEDxxxCBxxA

xxxx
 

Solve (more complicated) to find,   0,4,0,2,1  EDCBA . Then 

dx
x

x

x

x

x
dx

xx

xxxx
 











22222

234

)3(

4

3

2

2

1

)3()2(

9201643
 

                                .
3

2
3ln2ln

2

2 c
x

xx 


  

 

Example (7).   Evaluate :    


dx

xx

xxxx

2

1533
2

234

 

Solution.   

In this example the numerator has degree 4  and the denominator has degree 2. Thus,  we first 

perform a long division to obtain 

 





dx

xx
xdx

xx

xxxx

2

1
)13(

2

1533
2

2

2

234

 

The second integral was treated by partial fractions in example (2),  hence, 

.2ln
3

1
1ln

3

1

2

1533 3

2

234

cxxxxdx
xx

xxxx





  

 

 

 

Exercises (4.5)   

Evaluate the following integrals, 

 


dx

xx

x

)4(

125
)1(                                           43

)2(
2 xx

dx
 

 


dx

xxx

x

)3)(2)(1(

1137
)3(                    dx

xx

xx
 



9

992
)4(

3

2

 

 


dx

x

x
2)1(

116
)5(                                         dx

xx  )1(

1
)6(

2
 

 


dx

xx

x

82

16
)7(

2
                                dx

xx

xx
 



4

12
)8(

3

35
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dx

xx

xx

)5()1(

33252
)9(

2

2

             dx
xx

xx
 


3

25 12
)10(  

 


dx

xx

xx
2

3 23
)11(                               dx

xx  )1(

1
)12(

2
 

 


dx

xxx

xx
23

2

32

1910
)13(                            dx

xx

xx
 


2

2

)3()1(

16
)14(  

 


dx

xx

xxxx
45

234

3

383179
)15(        (16) dx

xx

x
 



)1()14(

12
2

2

                                          

 

 

 

4.6 Integrals Involving  a Quadratic Expression 

Integrals that involve a quadratic expression cxbxa 2 , where  0a  and  0b , can 

often be evaluated by first completing the square, then making an appropriate substitution. 

The following examples illustrate this idea. 

 

Example (1)   Evaluate :    
dx

xx

x

842
 

Solution  Completing the square yields 

 844484 22  xxxx  

                                 .4)2(444 22  xxx  

Thus, use the substitution,  dxduxu  ,2   yields 

  








du

u

u
dx

x

x
dx

xx

x

4

2

4)2(84 222
                      

                         du
u

du
u

u
du

u
du

u

u
 











4

1
2

4

2

2

1

4

2

4 2222
 

c
u

u 















 

2
tan

2

1
2)4(ln

2

1 12   

                         .
2

2
tan)4)2((ln

2

1 12 c
x

x 






 
  . 

 

Example (2)   Evaluate :    


dx

xx

x

136

12
2
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Solution  Completing the square yields 

 .4)3(13996136 222  xxxxx  

Thus, use the substitution,  dxduxu  ,3   yields 

  












du

u

u
dx

x

x
dx

xx

x

4

52

4)3(

12

136

12
222

                          

du
u

du
u

u
 





4

5

4

2
22

c
u

u 















 

2
tan

2

1
5)4(ln 12

c
x

x 






 
 

2

3
tan

2

5
)4)3((ln

2

1 12 . 

 

Example (3)   Evaluate :   


dx
xx 258

1

2
 

Solution  Completing the square yields 

9)4(2516168258 222  xxxxx . 

Thus, use the substitution,  dxduxu  ,4   yields 










du
u

dx
x

dx
xx 9

1

9)4(

1

258

1

222
               

                                  c
x

c
u








 









 

3

4
sinh

3
sinh 11 . 

 

Example (4)   Evaluate :   


dx
xx 228

1
 

Solution  Completing the square yields 

)12(18)2(828 222  xxxxxx 2)1(9  x  

Thus, use the substitution,  dxduxu  ,1   yields 










du
u

dx
x

dx
xx 222 9

1

)1(9

1

28

1
                     

                                 c
x

c
u








 









 

3

1
sin

3
sin 11 . 

 

 

 

 



 103 

Exercises (4.6)  

Evaluate  the following integrals, 

 
dx

xx 52

1
)1(

2
         134

)2(
2 xx

dx
          

dx
xx 84

1
)3(

2
  

  106
)4(

2 xx

dxx
       


dx

xx 24

1
)5(          

 106
)6(

2 xx

dx
 




dx
xx 289

1
)7(       dxx24)8(              


dx

xx 54

1
)9(

2
  

  dxxx 23 16)10(      


dx
xx 136

1
)11(

2
  


dx

x

x

2

2

4
)12(  

 
dx

xx 932

1
)13(

2
     


dx

x

x

2

2

9
)14(        

dx
ee

e
xx

x

23
)15(

2
             

  dxee xx 21)16(             


3

2

2

2

54

64
)17( dx

xx

xx
   

 xx

x

ee

dxe

21
)18(  

 

 

4.7 Miscellaneous Substitution 

In this section we shall consider substitutions that are useful for evaluating certain types of 

integrals. 

The following examples illustrate different substitutions. 

Example (1)   Evaluate,  


dx
x

x

3 2

3

4
. 

Solution   

The substitution  3 2 4 xu  leads to,   

423  xu   or  432  ux   and   duudxx 232  , then, 

     duu
u

u
xdx

x

x
dx

x

x 2
3

3 2

2

3 2

3 4

2

3
)2(

42

1

4









 

                              cu
u

duuu 







 

2
5

4 2
52

3
)4(

2

3
 

                              cxxcuu  )6()4(
10

3
)10(

10

3 23/2232 . 
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Another Solution 

We can use the substitution  42  xu  that will leads to,  42  ux   and   dudxx 2 , 

then, 

     du
u

u
xdx

x

x
dx

x

x









3/1

3 2

2

3 2

3 4

2

1
)2(

42

1

4
 

                             cu
u

duuu 







 

 3/2
3/5

3/13/2 6
5

3

2

1
)4(

2

1
 

                             cxxcuu  )6()4(
10

3
)10(

10

3 23/223/2 . 

Example (2)   Evaluate,  


dx
xx 3

1
. 

Solution   

We can use a substitution that will eliminate the two radicals, we use    xu 6   or  6/1xu  , 

then duudx 56 , 

du
u

u
duu

uu
dx

xx
 





 1

66
11 3

5

233
 

By long division,   
1

1
1

1

2
3




 u
uu

u

u
 . 

Then, 

          












du

u
uudx

xx 1

1
16

1 2

3
 

                                 cuu
uu









 1ln

23
6

23

 

                                 cxxxx  1ln6632 663  
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Theorem (4.6.1) 

If an integrand is a rational expression in sinx and cosx, then the substitution,  

    xforxu 2/tan   will transform the integrand into a rational expression in u 

with   

21

2
sin

u

u
x


 ,  

2

2

1

1
cos

u

u
x




 ,   du

u
dx

21

2


  

 

Proof 

 
22 1

1

)2/(tan1

1

)2/(sec

1

2
cos

uxx

x














. 

 
212

cos
2

tan
2

sin
u

uxxx




























. 

Then 

            
21

2

2
cos

2
sin2sin

u

uxx
x



















  

 
2

2

2

2

1

1

1

2
1

2
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Since  ux 1tan2/  , we have ux 1tan2   and therefore,   
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Example (3)   Evaluate,   
dx

xx cos3sin4

1
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Solution   

Use the substitution,  2/tan xu  , then 
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Using partial fractions, we have  
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Exercises (4.7) 

 (I) Evaluate the following integrals.  
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(II) Prove that: 
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Chapter (5) 

Applications Of The Definite Integral  

5.1. Area 

The area of any region may be considered as the area between a curve of a function and an 

axis or  the area between two curves  

 

5.1.1. Area between curve and axis 

Consider that the function )(xfy   is continuous and non negative on ],[ ba , then the area 

A of the region bounded by the curve of the function )(xfy    and the x-axis over the 

interval  ],[ ba  is obtained by integrating  

the element area dA of the vertical rectangle (strip) of width  

dx  and length )(xf  as illustrated in Fig. (5.1).   

The element area of this strip is:   dxxfdA )( .                       

Hence the area of the region,                                                                            Fig. (5.1)                                          

                                                 

b

a

dxxfA )(  

                                                                                                                  

If we consider that the function )(ygx  is continuous  

and non negative on ],[ dc , then the area A of the region  

bounded by the curve of the function )(ygx   and the 

y-axis over the interval ],[ dc  is illustrated in Fig. (5.2) as 

                                                                                                                          Fig. (5.2)                                             

   

 

 

                                                                                                       

Example (1)  Find the area of the region bounded by the graph of the function 12  xy  

and the  axisx               from   1x   to   2x .   

Solution   

As shown in Fig.(5.3), we use a vertical strip of width   

dx  and length )1( 2 x ,  then,                                                         



d

c

dxygA )(



 108 

2

1

32

1

2

3
)1(







  x

x
dxxA                                                                                                   

     .6)1(
3

1
2

3

8
unitssquare


                                   Fig.(5.3)   

                                                                        

 

        

Example (2)  Find the area of the region bounded by the graph of the function xy cos  

and the  axisx   from   0x   to   2/x .  

Solution  As shown in  Fig. (5.4), we use a vertical strip of width  dx  and length )(cos x , 

then                                                 

 0sin2/sinsincos
2/

0

2/

0

  




xdxxA      

      .101 unitssquare                                               

 

Example (3)  Find the area of the region bounded by                           Fig. (5.4) 

the graph of the function 3xy   and the  axisy   from    

0y   to   8y .  

Solution   

As shown in  Fig. (5.5), we use a horizontal strip  

of width  dy  and length 3 yx  , then                                                          Fig. (5.5)                                        

128
4

3

4

3 3 4

8

0

3/48

0

3/1 



 

y
dyyA   unitssquare .                                                                                                                                                                                 

                                                                                                                

 

5.1.2  Area between two curves                                                   

If  )(1 xf  and  )(2 xf  are continuous functions on the  

interval ],[ ba , and if  )()( 21 xfxf   for all  x in  ],[ ba ,  

then the area of the  region bounded above by )(1 xfy  ,   

and below by  )(2 xfy  , on the left by the line ax  ,  

and on the right by the line  bx   can be obtained by  

considering a vertical rectangle (strip) of width dx .                                     Fig. (5.6) 
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The length of the strip )()( 21 xfxf   as illustrated in Fig. (5.6).  The element area of this strip 

is:    dxxfxfdA )]()([ 21    .    Hence the area of the region is,                 .                            

 

                  

Similarly If  )(1 yg  and  )(2 yg  are continuous functions on the interval ],[ dc , and if  

)()( 21 ygyg   for all  y in  ],[ dc , then the area of the  region bounded right by  )(1 ygx  ,  

and left by  )(2 ygx  , and from above and below by the line dy  , and the line  cy   can 

be obtained  by  considering  a  horizontal  rectangle   

(strip)  of  width dy . The length of the strip  

)()( 21 ygyg   as illustrated in  Fig. (5.7).                                                                                                       

The element area of this strip is:  

                       dyygygdA )]()([ 21  .                                  

Hence the area of the region is,                                                                  Fig. (5.7)                   

  

                           

d

c

dyygygA )]()([ 21                                   

       

 

Example (4)  Find the area of the region bounded by the parabola: 2xy   and the line: 

2 xy  .  

Solution   

The limits of integration are found by solving  the   

equations of  the curve and the straight line to obtain the  

points of intersection as 21  xandx .                                    

Use vertical strip Fig. (5.8) of width  dx and length                     Fig. (5.8) 

])2[( 2xx  , then                                        

2

1

322

1

2

3
2

2
])2[(
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b

a
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Example (5)  Find the area of the region bounded by the graphs: 3xy  ,    xy 2 ,   

10  xandx . 

Solution  As shown in  Fig. (5.9),  we use a vertical strip  

of width  dx  and length  )2( 3xx  , then 

  

 

 .75.0
4

3

4

1
1

4

1

0

4
2 unitssquare

x
x 








           Fig. (5.9)           

                                                                                                         

 

Example (6)  Find the area of the region bounded by the  

graphs: xy 2sec , xy sin ,   4/0  xandx . 

Solution   

As shown in  Fig. (5.10), we use a vertical strip of width   

dx  and length  )sin(sec2 xx  , then                             

 

4/

0

4/

0

2 costan)sin(sec




xxdxxxA                         Fig. (5.10) 

.707.0
2

1
)10()

2

1
1( unitssquare                                        

                                                                                                                              

Example (7)  Find the area of the region in the first  

quadrant that is bounded by the graphs:   

xy  , 2 xy , and the axisx  . 

Solution   

As shown, in Fig. (5.11) we partition the region at 2x   

into two sub-regions A and B and evaluate the area of                    Fig. (5.11)  

each sub-region separately. We use a vertical  strip for each sub-region.                                

BregiontheofareaAregiontheofareaareaTotal                         

          dxxxdxx )]2([

4
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Another Solution 

We can take the region as one region [Fig. (5.12) if we  

consider horizontal strip of width dy  and length   

)2( 2yy  ,  then             
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Example (8)  Find the area of the region that is  

bounded by the graphs: xey  , xy ln , 1x  and 2x . 

Solution   

As shown, in Fig. (5.13) we use a vertical  strip   

of width  dx  and length  )ln( xe x  , then   

  

2

1

ln dxxeA x =  2
1

ln xxxe x   =  5.284479909                      Fig. (5.13) 

                                                                                       

Example (9)  Find the area of the region that is bounded  

by the graphs:   xy 3sinh ,   0y ,  and  1x . 

Solution   

As shown, in Fig. (5.14) we use a vertical  strip of width dx   

and length  x3sinh  , then                               

 

1

0

1

0

3sinh3
3

1
3sinh dxxdxxA                                                     Fig. (5.14)    

     =   1
0

3cosh
3

1
x  =   1067662.10

3

1
   =   3.022554  .              
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Exercises (5.1) 

(I) Sketch the region bounded by the graphs of the following equations and find its area. 

(1) 12  xy ,     2 xy ,      and      ]3,2[x . 

(2) 22  xy ,     1 xy ,      and      ]2,1[x . 

(3)   2xy    and     xy 4 . 

(4)  .62  xyandxy   

(5)  12  xy   and    5y  . 

(6) 22  xy and  2y  

(7)  xy  4 ,  xy 3   and   xy  . 

(8) 4xy    and   .8 xy   

(9)  2/1 xy  ,    2xy     and    ]2,1[x . 

(10)  2/1 xy  ,    2xy     and    2y . 

(11)  34 yyx      and    0x . 

(12)  xy /1 ,    xy     and    0x . 

(13)   xxy  3      and    0y . 

(14)   xxy  2  ,  2xy      and    2y . 

(15)   xy sin ,    xy cos             and    ]2,0[ x . 

(16) 4/3,sec,cos8 2  xxyxy and  3/x  

(17)  xy   ,   and   2xy   .  

(18) 0,cos,sin  xxyxy and  2x  

(19)  62  xy ,  and 032  xy . 

(20) 0,2sin,sin2  xxyxy and x  

(21)  12  xy     and   21 xy  .     

(22) 2xy        and       22 xy   

(23) xy ln ,  xy 2ln ,  1x   and  5x  

(24)   xy cosh  ,  0x   and   2y  

(25) xey  ,  xey 2 ,    and  3lnx  

(26) 2/xey  ,  2/xey  ,    and  2ln2x . 
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5.2 Volumes of Solids of Revolution 

solids of revolution are solids whose shapes can be generated by revolving plane regions 

about axis. This axis  is called the axis of rotation. As illustrated in Fig. (5.15), the solids of 

revolution are generated from the rotation of the corresponding plane regions about the 

indicated axis. 

 

 

 

 

 

 

 

 

 

 

                                         

 

 

 

Fig. (5.15) 

In this section we shall discuss several methods for finding volumes of the solids of 

revolution.  

Consider a rectangle strip across the plane region, If the volume of the solid generated by 

revolving this strip about the axis of rotation is  dv , then the volume of the solid generated by 

the plane area is , 

 

                                                       

b

a

dvV  

 

According to the solid generated by rectangular strip, we have the following methods. 
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5.2.1  Volume by Disk 

 This method is useful when the axis of rotation is part of the boundary of the plain 

area. In this case, we choose the rectangular strip perpendicular to the axis of rotation. The 

solid generated by revolving the rectangular strip about the axis of rotation is a disk (or 

cylinder).. 

 

 

 

 

 

                                              

                                                     Fig. (5.16) 

The element volume of this disk is, 

 

)()( 2 thicknessradiusdv  . 

 

 

 

Now let )(xf  be continuous for  ],[ bax  ,  

and let R be the region bounded above by the  

graph of )(xf  and below the x-axis and on  

the sides by the lines  ax   and  bx  .                                        Fig. (5.17)                         

The Volume V of the solid of revolution  

generated by revolving  R about the x-axis is,                             

 

                           

b

a

dxxfV )(2  

 

Similarly, if  )(yg  be continuous for  ],[ dcy  , and let  

R be the region bounded from right by the graph of )(yg   

and from left by the y-axis and on the sides by the lines   

cy   and  dy  .                                    

The Volume V of the solid of revolution generated by                Fig. (5.18)   
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revolving  R about the y-axis is,                                             

 

                                     

d

c

dxxgV )(2                            

 

Example (1)  Find the volume of the solid generated by revolving the region bounded by the 

graphs of 12  xy , the x-axis and the lines 1x , and  1x   about the x-axis. 

Solution  

Use vertical strip of width dx  , the radius of the  

disk  ,1)( 2  xxf  then 






1

1

22 )1( dxxV  
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     cubic units.                                          Fig. (5.19) 

 

Example (2)  Find the volume of the solid generated by revolving the region bounded by the 

graphs of the equation  xy  , the x-axis and the lines  1x  and  4x   about the x-axis. 

Solution  

Use vertical strip of width dx  , the radius of the disk   

,)( xxf   then 



4

1

2)( dxxV   

4

1

dxx

4

1

2

2






x
                         

           unitscubic56.23
2

15

2
8 


                             Fig. (5.20) 

 

Example (3) Find the volume of the solid generated by 

revolving the region bounded by the graphs of xey  , the 

x-axis and the lines  0x  and  1x   about the x-axis. 

Solution.  

Use vertical strip of width dx ,  the radius of the disk   

,)( xexf   then                                                                                     Fig.(5.21) 
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1

0

2)( dxeV x  = 
1

0

2 dxe x = 102

2

xe


        =  )1(
2

2 e


 = 10.03590585                                                  

                            

Example (4) Find the volume of the solid generated by revolving the region bounded by the 

graphs of xy /1  ,  1y ,   3y  ,   0x  about the y-axis. 

Solution.  

Use horizontal strip of width dy  , the radius of the  

disk  yx /1  then 

 









3

1

2

1
dy

y
V   =  

3

1

1





y
  

    =  )13/1(   =  2.094395102                                                      Fig.(5.22)    

                                                                                                                  

Example (5) Find the volume of the solid generated by revolving the region bounded by the 

graphs of xey  , the y-axis and the line  2y   about the y-axis. 

Solution.  

Use horizontal strip of width dy  , the radius of the  

disk  yx ln  then 



2

1

2)(ln dyyV        =  2
1

2 2ln2)(ln xxxxx                             

=  )22ln4)2(ln2( 2   = 0.5918377                                                   Fig.(5.23)   

 

 

5.2.2  Volume by Washer 

Let us next consider the region R  of the type illustrated in Fig. (5.24). If this region is 

revolved about the x-axis, we obtain the solid in the same figure. If 0)( xg  for every 

],[ bax   there is a hole through the solid. 
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                                                       Fig. (5.24)   

In this case we can choose the rectangular strip perpendicular to the axis of rotation. The solid 

generated by revolving the rectangular strip about the axis of rotation is a washer .                                     

 

The element volume of the washer shown in Fig. (5.24) is, 

 

)(])()([ 22 thicknessradiusinnerradiusouterdv   . 

 

 

Now let )(1 xf  and  )(2 xf  be continuous for   

],[ bax  , Fig. (5.25), and suppose that  

)()( 21 xfxf   for all  ],[ bax  .                 

let R be the region bounded above by the  

graph of )(1 xf , below by the graph of )(2 xf ,   

and on the sides by the lines  ax   and  bx  .                                      Fig. (5.25)   

The Volume V of the solid of revolution generated by revolving  R about the x-axis is, 

                                                

  

b

a

dxxfxfV )()(
2

2

2

1                                  

 

Now let )(1 yg  and  )(2 yg  be continuous for  ],[ dcy  ,  

Fig. (5.26), and suppose that )()( 21 ygyg   for all   

],[ dcy  .                         

Let R be the region bounded above by the graph of  

)(1 yg , below by the graph of )(2 yg ,  and on the  

sides by the lines  cy   and  dy  .                                     

The Volume  V of the solid of revolution generated  
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by revolving  R about the y-axis is,                                               Fig. (5.26)                                              

  

d

c

dyygygV )()(
2

2

2

1                                                

 

Example (6)  Find the volume of the solid generated by revolving the region bounded by the 

graphs of the equation 022,22  xyxy , and the lines  0x  and  1x   

about the x-axis. 

Solution  

Use vertical strip of width dx  which generate a washer  

of thickness dx .  

The outer radius of the washer is 2)( 2

1  xxf   

and the inner radius                                                                     Fig. (5.27) 

 is 1
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1
)(2  xxf , then,                                               

dxxxV  
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Example (7)  Find the volume of the solid generated by revolving the region bounded by the 

graphs of the equation  3,12  xyandxy ,  about the x-axis. 

Solution Use vertical strip of width dx  which generate a washer of thickness dx .  

 

The outer radius of the washer is 3)(1  xxf   

and the inner radius is 1)( 2

2  xxf . The limits  

of integration may be obtained as the points of  

intersection of   )(xf  and  )(xg , these points are  

12  xandx , then                                                                            Fig. (5.28) 
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Example (8)  Find the volume of the solid generated by revolving the region in the first 

quadrant bounded by the graphs of the equation  xyandxy 2,
8

1 3  ,  about the y-

axis. 

Solution  

Use horizontal strip of width dy  which generate  

a washer of thickness dy .    

The outer radius of the washer is 3
1 2)( yyg    

and the  inner radius is 2/)(2 yyg  .  

The limits of integration may be obtained as  

12  xandx , then                                                                  Fig. (5.29)                   

 dyyyV  
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223 )2/()2(  

 dyyy 

8

0

23/2 4/4 .
12

1
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12
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 yy unitscubic2.107

15

512
       

                     

Example (9) Find the volume of the solid generated by revolving the region bounded by the 

graphs:  xy ln ,   0y ,   and  cx  , about the y-axis. 

Solution     Washer for  cy ln0   

   

c

y dyecV

ln

0

22

c

yeyc

ln

0

22

2

1








   

   =  









2

1

2

1
ln 22 ccc                            

                                                                                                                     Fig. (5.30)   
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5.2.3  Volume by Cylindrical Shell 

In the preceding sections we found volumes of solids of revolutions by using rectangle strip 

perpendicular to the axis of rotation to produce disk or washer. For certain types of solids, it is 

difficult to use the above methods, so it is convenient to use rectangle strip parallel to the axis 

of rotation which produce hollow circular cylinders, that is, thin cylindrical shells of the type 

illustrated in Fig. (5.29). 

 

 

 

 

 

 

Fig. (5.31) 

In Fig. (5.31), 1r  is the outer radius, 2r  is the inner radius, h is the altitude and 21 rrdr   is 

the thickness of the shell. The average radius of the shell is  21
2

1
rrr  . The volume of the 

shell is, 

hrrhrhrdV )( 2

2

2

1

2

2

2

1        hrrrr )()( 2121    

       dxhrrrh
rr

 2)(
2

)(
2 21

21 


 , 

which gives us the following general rule 

 

)()()(2 thicknessAltituderadiusaveragedv   

 

The average radius is the distance between the strip and the axis of rotation. 

The volume of the solid generated by revolving the region bounded by the graphs of 

)(xfy  ,  x-axis, ax   and bx    about the y-axis is   

 

                                           

b

a

dxxfxV )(2   

 

Example (10)  Find the volume of the solid generated by revolving  

the region bounded by the graphs of the equation 22 xxy  ,  
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and the x-axis about the  y-axis                                                                       Fig. (5.32) 

Solution  

Use vertical strip of width dx  which generate                                        

a cylindrical shell of thickness dx  and average radius x.  
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Example (11)  Find the volume of the solid generated in example (10) if the rotation about 

the line 3x  

Solution  

Use vertical strip of width dx  which generate  

a cylindrical shell of  thickness dx  and average  

radius 1x .             
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32 )2(2 dxxxx                       Fig. (5.33)                                                         
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Example (12)  Find the volume of the solid  

generated in example (10) if the rotation about  

the line 3x  

Solution  

Use vertical strip of width dx  which generate                                          Fig. (5.34)      

a cylindrical shell of thickness dx  and average radius   x3 .                                                                                              
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Example (13)  Find the volume of the solid generated  

by revolving the region bounded by the graphs of the  

equation 2xy  , and 2 xy   about the line 3x                            Fig. (5.35) 
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Solution  

Use vertical strip of width dx  which generate a cylindrical shell of thickness dx  and average 

radius x3 .  
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Exercises (5.2) 

(I) Find the volume of the solid generated by revolving the region bounded by the following 

curves about the  x-axis. 

.10,)1(  xandyxy  

.10,2)2(  yandxxy  

(3)  xy /1  ,  1x ,   3x  ,   0y . 

(4)   2xy   ,   xy   . 

(5)   3xy  ,    3x   ,  0y  . 

.0,)6( 2  yxxy  

(7)   3xy  ,  10 xy ,   1y  

.2,)8( 3 xyandxy   

(9)   2xy   ,   xy  2  . 

.20,)10( 2  xandyxy  

(11)   222 xy  ,    21 xy   . 

10,)12( 2  yandxxy  

(13)   3xy   ,   2xy    

.2/1,cos)14(  xandxyxy  

(15)  xy sin  ,   4/x  2/x ,     0y  . 

.2/0,sin)16(  xandyxy  
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(17)   xy cos  ,   1 xy ,   2/x       

 

(II) Find the volume of the solid generated by revolving the region bounded by the following 

curves about the  y-axis. 

(1)  xy /1  ,  1y ,   3y  ,   0x . 

(2)  2/1 xy   ,  1y ,   2y  ,   0x . 

(3) 63  yx ,  0x ,  0y  . 

(4) 0,0,1  yxxy  

(5) xy 2 ,   xy 2 . 

(6)  0,2,3  xyxy  

(7) 3xy  ,   xy   

(8) 3xy  ,   xy   

(9) xy 2  ,  xy  22 . 

(10) 0,0,1 2  yxxy  

 

(11) 1 yx ,   1 yx , 0y ,  2x . 

(12) 0,0,1,1  yxxyxy  

(13)  xy  ,   2xy   

(14)  xy  ,   xy   

(15)  29 xy  ,    0x  

(16)  29 xy   

(17)  42  yx ,   0x  ,  0y . 

(18)  24 yyx  ,    0x  

 

(III) Find the volume of the solid generated by  revolving the region  bounded by the 

following curves about the indicated axis of rotation. 

(1)  2xy  ,   xy   ;                about  3x . 

(2)  2xy  ,   xy   ;                about  3x . 

(3) 2yx   , 2 yx ;               about  4y . 

(4) 2yx   , 2 yx ;               about  2y . 
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(5) 3xy   ,  xy 4  ;                  about  8y . 

(6) 3xy   ,  xy 4  ;                 about  2x . 

(7)  3xy  ,  xy 4  ;                 about  4x . 

(8)  3xy  ,  xy 4  ;                about  3y . 

(9) 3 yx , 32  xy  ;         about  2x . 

(10) 3 yx , 32  xy  ;      about  1y . 

(11)   21 xy  ,   1 yx  ;  about  3y . 

(12)   21 xy  ,   1 yx  ;  about  5y . 

(13) 21 xy  , 1 yx  ;   about  x-axis 

(14) 21 xy  , 1 yx  ;   about  y-axis 

(15)  2yx  ,   2 yx  ;        about  y-axis . 

 

(IV) Find a formula for the volume of the following indicated solid. 

(1) A sphere of radius r. 

(2) A right circular cone of altitude h and radius r. 

(3) A right circular cylinder of altitude h and radius r. 

 

 

 

5.3 Arc Length and Surface Area 

5.3.1 Arc Length 

For  the surface area of a solid of revolution generated by revolving the curve )(xfy  about 

an axis of rotation, we must determine the length of the graph of the function )(xfy  . 

To obtain a suitable formula for the arc length, we consider a smooth curve (A function with a 

continuous first derivative is said to be smooth and its graph is called a smooth curve).  

Let  )(xfy  be a smooth curve, on a closed interval 

],[ ba . Let L is the length of the curve  

],[;)( baxxfy  .  

The length  of a small line segment  

                                                        dx
dx

dy
dL

2

1 







                         Fig. (5.36) 
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The length of the curve is defined as,                                                           

       

    dxxfdx
dx

dy
L

b

a

b

a

 









2

2

)('11  

 

Also if  )(ygx  be a smooth curve on a closed interval ],[ dc .  The length  of a small line 

segment  

dy
dy

dx
dL

2

1 







  

The length of the curve is defined as,  

 

                      dyygdy
dy

dx
L

d

c

d

c

 









2

2

)('11  

 

 

Example (1)  Find the arc length of the curve  2/3xy    from   0x  to  .5x  

Solution   

Since  2/1

2

3
' xy   which is continuous on ]5,0[  . So  2/3xy   is smooth curve on ]5,0[ , 

and, 

           





















5

0

5

0

2/3

4.12
27

335

4

9
1

27

8

4

9
1 xdxxL  

 

 

Example (2)  Find the arc length of the curve  12/3  yx   from   0y  to  .4y  

Solution  

Since  2/1

2

3
y

dy

dx
  which is continuous on ]4,0[  . So  12/3  yx  is smooth curve on 

]4,0[ , and, 

   





















4

0

4

0

2/3

0734.9
4

9
1

27

8

4

9
1 ydyyL  
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Example (3)  Find the arc length of the curve  xy cosh  from   0x   to  .1x  

Solution  

Since  xy sinh'   which is continuous on ]1,0[  . So  xy cosh  is smooth curve on ]1,0[ , 

and, 

        

1

0

1

0

2 coshsinh1 dxxdxxL   )1(sinhsinh
1

0
 x  

             =  
2

11  ee
=  1.1752 

 

Example (4)  Find the arc length of the curve 4824 4  xyx  from 2x  to .4x  

Solution   

Since  
2

4

8

16
'

x

x
y


  which is continuous on ]4,2[  . So  4824 4  xyx   is smooth curve 

on  ]4,2[ , and, 

         















 


4

2

2

2

4

2

2

2

4
16

8

116

64

1
dx

x
xdx

x

x
L  

            .83.2
6

1716

38

1
4

2

3











x

x
 

 

 

 

5.3.2. Surface area of Solid of Revolution 

A surface of revolution is a surface that is generated by revolving a curve about an axis that 

lies in the same plane as the curve. 

 

 

 

 

 

 

                                                       

                                                               Fig. (5.37) 
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Let f  be a function that is non-negative throughout a closed interval ],[ ba . If the graph of f is 

revolved about the x-axis, a surface of revolution is generated. 

Suppose that a smooth, nonnegative function  )(xfy   on  ],[ ba  and that a surface of 

revolution is generated by revolving the portion of the curve )(xfy   between ax   and  

bx   about the x-axis .  

 

Consider an element length  dL  of  )(xf  is revolved about the x-axis, then the surface 

generated is a frustum of a cone having base radii 1r  and 2r  and slant height dL . It can be 

shown that the surface area is 

dL
rr

dLrrdS 






 


2
2)( 21

21   

that is,  

)()(2 heightslantradiusaveragedS  . 

Then, 

 

b

a

dxxfxfS .)]('[1)(2 2  

 

Now, if )(ygx   is smooth and nonnegative function  on  ],[ dc , then the area of the 

surface generated by revolving the graph of )(ygx   between cy   and  dy   about the 

y-axis is, 

                                        

d

c

dyygygS .)]('[1)(2 2                                                     

 

Example (5)  Find the area of the surface that is generated by revolving the arc of the curve   

3xy   between  0x  and  1x  about the  x-axis. 

Solution   ,3', 23 xyxy   then  

  dxxxdxyyS

b

a

 

1

0

432 912]'[12   

      563.3)91(
3

2
.

36

2
1

0

2/34 



 x
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Example (6)  Find the area of the surface that is generated by revolving the curve   

xy 2  between  1x  and  2x  about the  x-axis. 

Solution    

x
yxy

1
',2  . 

dx
x

xdxyyS

b

a

 

2

1

2 1
122]'[12    

2

1

2/3

2

1

)1(
3

2
414 




  xdxx  8.19)2233(

3

8



 

         

Example (7)  Find the area of the surface that is generated by revolving the arc of the curve   

3yx   between  0y  and  1y  about the  y-axis. 

Solution   

 ,3, 23 y
dy

dx
yx   then  

  dyyydy
dy

dx
xS

b

a

 









1

0

43

2

91212   

      563.3)91(
3

2
.

36

2
1

0

2/34 



 y


                                                                                                                                                                                             

 

Example (8)  Find the area of the surface that is generated by revolving the arc of the curve   

yxy ln242   between  1y  and  3y  about the  y-axis. 

Solution    

  ,
1

2

1
,ln2

4

1 2









 y

ydy

dx
yyx  then 

2

1 









dy

dx
=  

















 2

2

2

2
2

1

4

1
2

1

4

1
1 y

y
y

y
 

                 

2
22

2

11

4

1







 











y

y
y

y
  

  dyydy
y

y
yS  









 


3

1

2

3

1

2

)1(
2

1
2   

       5.33)3/412()3/(
3

1

3   yy                                                                                                                                                                                              
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Exercises (5.3) 

(I) In the following problems, find the arc length of the following curves from the point A to 

the point B. 

(1)  2/3xy  ;                         A (0, 0) ,         B (5, 5 5 ) 

(2)  13 2/3  xy               A (0, -1) ,        B (1, 2) 

(3)  13 2/3  yx ;                A (-1, 0) ,        B (23, 4) 

(4) xxy /112/3     A (1, 13/12) ,  B (2, 7/6) 

(5)  4824 4  xxy ;            A (2, 4/3) ,      B (4, 7/6) 

(6) )16/()8( 26 xxy     A (2, 9/8) ,       B (3, 737/144) 

(7)  32 )2(427  xy ;         A (2, 0) ,         B (11, 6 3 ) 

(8)  35 xy  ;                 A (1, 4) ,         B (4, -3) 

(9)  32 )4()1(  xy ;     A (5, 0) ,         B (8,7) 

(10)  16 3 2  xy ;            A(-1, 7) ,        B (-8, 25) 

(11)  16 3/2  xy ;             A (1, 7) ,         B (8, 25) 

(12)   32 2)3/1(  xy ; A(0, 2 2 /3) , B (3, 311 /3) 

(13)  xxy /112/3  ;       A(1, 13/12) ,  B (2, 7/6) 

(14)  yyx 4/13/3  ;      A(7/12, 1) ,  B (109/12, 3) 

(15) 012/4/1 3  xxy ;  A (1, 13/12) , B (2, 7/6) 

(16)  yyx  3)3/1( ;   A(-2/3, 1) ,     B (6, 9) 

(17)  1530 83  yyx ;      A (8/15, 1) ,    B (271/240, 2) 

(18)  )8/(14/ 24 yyx  ;      A(3/8, 1) ,  B (129/32, 2) 

(19)  24 2/116/ yyx  ;   A (9/16, 1) ,   B (9/8, 2) 

          

 

(II) Find the area of the surface generated by revolving the following curves about the x-axis . 

(1)  24 yx  ;                       A (0, 0) ,        B (1, 2) 

(2)  xy 7 ;                        A (0, 0) ,        B (1, 7) 

(3)  3xy  ;                      A (1, 1) ,           B (2, 8) 

(4) ,yx                     A (1, 1) ,           B (2, 4) 
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(5) 2428  xxy  ;       A (1, 3/8) ,        B (2, 129/32) 

(6) ,xy                     A (1, 1) ,           B (4, 2) 

(7)  12  xy ;           A (0, 2) ,           B (3, 4) 

(8) ,4 2xy            A (-1, 3 ) ,       B (1, 3 ) 

 

       

(III) Find the area of the surface generated by revolving the following curves about the y-axis 

. 

(1)  32 xy  ;                A (1, 2) ,        B (8, 4) 

(2)  3/3yx  ;                A (0, 0) ,        B (1/3, 1) 

(3)  yx 4 ;               A (4, 1) ,        B (12, 9) 

(4) 2/12/3 3/ yyx  ;  A (0, 0) ,        B (-2/3, 1) 

(5)  225 xy  ;     A (-3, 4) ,       B (3, 4) 

(6)  yx  42 ;       A (4, 0) ,        B (2, 15/4) 

(7)  2/32 )2(
3

1
 xy ;   A ( 3/22,0 ) ,  B ( 3/1111,3 ) 

(8)  12  yx ;       A (1/2, 5/8) ,        B (1, 1) 

 

 

 

 

 

 

 

 

 

 

 



 131 

Chapter (6) 

L'Hopital's Rule and Improper Integrals  

 

This chapter is divided into two parts, the first part is concerned with different types of 

indeterminate forms and their evaluation through a method known as L’Hopital's rule and 

the second part is concerned with improper integrals, their types, the convergence and 

divergence features of them and how to evaluate such types of integrals in some cases. 

 

6.1 Indeterminate Forms and L'Hopital's Rule 

We shall consider here several indeterminate forms together with their evaluation. 

6.1.1  The Indeterminate Forms   
0

0
  and   




 . 

Let )(xf and )(xg be two functions which are continuous at x = a and either       

      )(af  = )(ag  = 0     or    )(lim xf
ax

 =  )(lim xg
ax

=   

Then the expression 
)(

)(
lim

xg

xf

ax
  for both cases cannot be evaluated directly since this leads to 

either 
0

0
 or 




 which are known as indeterminate forms. 

 

 

Theorem (6.1.1)  “L'Hopital's Rule” 

Let )(af  = )(ag  = 0. If )(' af  and )(' ag  exist such that 0)(' ag , then 

)('

)('

)(

)(
lim

ag

af

xg

xf

ax



 

 

 

Proof 

 

ax

agxg

ax

afxf

agxg

afxf

xg

xf















)()(

)()(

)()(

)()(

)(

)(
 

If 0)(' ag  , then from the limit theorems it follows that: 

)('

)('

)(

)(
lim

ag

af

xg

xf

ax
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Remark :  For the case 



, L'Hopital's rule states that  

)('

)('
lim

)(

)(
lim

xg

xf

xg

xf

axax 
  

provided the last limit exists or is infinite. It must be noted that L'Hopital's rule can be applied 

several times as far as we still get the form  
0

0
 or 




 and the rule ceases to be applied when 

either the numerator or the denominator has a finite nonzero limit. Also, it must be noted that 

the rule is applied if a is replaced by  ,, aa . 

 

Example (1) Evaluate the following limits, 

x

x
i

x

sin
lim)(

0
             

xxx

xx
ii

x 25
lim)(

24

2

0 




  

240

cos1
lim)(

xx

x
iii

x 
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ee
iv
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x sin
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ee
v
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x sin
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2

0 
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sin
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1

0 x

x
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Solution 
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Hence we use the rule another time, 
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20240
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 Use the rule another time, .
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       .
0

2

sin
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Example (2) Evaluate the following limits, 
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6.1.2  Other Indeterminate Forms  

There are a number of indeterminate forms other than 
0

0
 or 




 such as   , 0 ,  00 ,  

0  and  1 . These can be evaluated by transforming them to the form of a quotient and then 

applying L'Hopital's rule. Each case will investigated separately as follows 

 

1. Case of   

This case results from )]()([lim xgxf
ax




  where 


)(lim xf
ax

and 


)(lim xg
ax

.  We treat 

this by trying to transform it to one of the previous forms. 

 

Example (3)  Evaluate  
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2. Case of 0  

This case results from )()(lim xgxf
ax

 where 0)(lim 


xf
ax

 and 


)(lim xg
ax

. We treat this 

case by writing )()( xgxf as 
)(/1

)(
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0

0
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Example (4)  Evaluate   
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3. For other cases 
00 ,  0  and  1  



 135 

These cases results from )()(lim xg

ax
xf


 where 10)(lim ororxf

ax



 and 




ororxg
ax

00)(lim  respectively.  

We treat this by writing )()( xgxfy  and then taking logarithms we get:  

)(ln)(ln xfxgy  , then   Axfxgy
axax




)(ln)(limlnlim  

where A is constant and hence, Axg
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Example (6)  Evaluate  x
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Exercises (6.1)   

Evaluate the following limits, 
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6.2 Improper Integrals 

 The definite integral 
b

a

dxxf )(  has a finite value when a and b are finite on ],[ ba . Such 

integral are said to be proper, but if either a or b is infinite or )(xf  is infinite on ],[ ba , the 

resulting integrals are said to be improper. The treatment of improper integrals is carried 

through limiting processes. If the limit exists, the improper integral is said to 

be convergent and the limit is the value of the improper integral. If the limit does not exist, the 

improper integral is said to be divergent. Two types of improper integrals can appear, the first 

type are integrals with infinite limits of integration and the second type are integrals with 

infinite integrands. 

 

 

6.2.1 Improper Integrals of The First Type 

The improper integrals of the first type appears in either one of the following forms: 

1.  


b

dxxf )( ,  where )(xf  is continuous on  ],( b . 

The treatment of this integral is carried through the following limiting process: 

 

 

2. 


a

dxxf )( ,  where  )(xf  is continuous on  ),[ a .     

The treatment of this integral is carried through the following limiting process: 

 

 

 

3. 




dxxf )( ,  where  )(xf  is continuous on  ),(  .     

The treatment of this integral is carried through the following limiting process: 
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r
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dxxfdxxf )(lim)(
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a
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dxxfdxxf )(lim)(
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r

rr
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dxxfdxxf
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If the integral does not exists, but 




r

r
r

dxxf )(lim  exists, we say that the principal value of 

the integral exists. 

 

Example (1)   

Determine whether the following improper integrals converge or diverge 






1

2
)(

x

dx
i                        

1

0

21
)(

x

dx
ii                    





dxxiii sinh)(  

Solution 

1
1

1lim
1

limlim)(

11

2

1

2

















 
















 rxx

dx

x

dx
i

r
r

r
r

r
. 

 Therefore the integral converges and is equal to 1 (see Fig. (6.1)). 

 

 

     

                                         

Fig. (6.1) 
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 rx
x

dx

x

dx
ii

r

r

r

r

r
 Therefore the integral 

converges and is equal to 2/  (see Fig. (6.2)). 

 

 

                                     

Fig. (6.2). 
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xdxxdxxiii coshlimsinhlimsinh)(
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r
coshcoshlim 




 

 

The limit does not exits and therefore the integral diverges (see 

Fig. (6.3)). Therefore, the principal value of the integral exists. 

This means that when approaching   and   in different 

arbitrary manners, the integral diverges but when the 

approaches are in  qual manners.  the principal value of the 

integral converges.                      

                                                                                                         Fig. (6.3).                                                                                                                                

 

Theorem (6.2.1) (Domination Comparison Test) 

Let )(xf and )(xg be continuous and let )()(0 xgxf   for all ),[  ax . Then 

If   


a

dxxg )( converges, 


a

dxxf )( also converges. 

If   


a

dxxf )( diverges, 


a

dxxg )( also diverges. 

 

Example (2)   

Show that  




1

2

dxe x converges 

Solution 

It is clear that  xx ee  
2

0    ),1[  x  and, 

                      
e

eeedxedxe r

r

rx

r

r

x

r

x 1
limlimlim 1

1

11

 















  .  

This means that   dxe x






1

   converges, and therefore    dxe x






1

2

 converges 

 

Example (3)   

Show that 




1

2

1
dx

x

x
 diverges 
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Solution 

 
 




1 1

2

1

2

111
dx

x
dx

x
dx

x

x
   

Since 
xx

x 11
2




  ),1[  x   and, 

    




 1lnlnlimlnlim
1

lim
1

1

11

rxdx
x

dx
x t

r

t

t

t
(diverges).   

Then   




1

2

1
dx

x

x
diverges  

 

Theorem (6.2.2) (Limit Comparison Test) 

Let )(xf and )(xg be positive functions.  If L
xg

xf

x


 )(

)(
lim ,   L0  , then 

                          


a

dxxf )( and   


a

dxxg )( both converge or diverge. 

 

 

Example (4)   

Show that 



0

4

2

1
dx

x

x
 converges 

Solution 

Compare  
4

2

1 x

x


 with  

21

1

x
. 

Science  1
)1(

)1(
lim

1

1

1
lim

4

22

2

4

2











 x

xx

x

x

x

xx
,  therefore 





0

4

2

1
dx

x

x
converges as 




0

21

1
dx

x
is convergent. 

 

Example (5)   

Show that 






1

6

5

1

21
dx

x

x
 diverges 
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Solution 

Compare  
6

5

1

21

x

x




 with  

x

1
. 

Science 2
1

)21(
lim

/1

)1/()21(
lim

6

565









 x

xx

x

xx

xx
, therefore 








1

6

5

1

21
dx

x

x
diverges as 



1

1
dx

x
. 

 

6.2.2 Improper Integrals of The Second Type 

The improper integrals of the second type appears in either one of the following forms: 

1.  
b

a

dxxf )( ,  where )(xf  is continuous on  ],( ba  and is infinite at a . 

The treatment of this integral is carried through the following limiting process: 

 




 


b

a

b

a

dxxfdxxf



)(lim)(

0
 

 

2. 
b

a

dxxf )( ,  where  )(xf  is continuous on  ),[ ba  and is infinite at b . 

The treatment of this integral is carried through the following limiting process: 

 

 

3. 
b

a

dxxf )( ,  where  )(xf  is continuous on  ],[ ba  except at ),( bac   and it is infinite at c.    

The treatment of this integral is carried through the following limiting process: 
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c

a

b

c

c

a

b

a

dxxfdxxfdxxfdxxfdxxf

2
2

1

1

)(lim)(lim)()()(
00







 

 

 

If anyone of the limits does not exists, the integral diverges.  
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b

a

dxxfdxxf )(lim)(
0
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However. If 













 





 

b

c

c

a

dxxfdxxf





)()(lim

0
 exists, we say that the principal value of the 

integral converges. 

This means that approaching the point x = c  from the right and the limit by different manners 

may lead to different results. 

 

Example (6)   

Evaluate 


5

1 1

1
dx

x
  

Solution 




5

1 1

1
dx

x
=  5

1
0

5

1
0

12lim
1

1
lim




 








  xdx
x

 =   442lim
0







 

                          

Therefore, the integral converges and is equal to 4. 

 

Example (7)   

Discuss whether the improper integral  

1

0
1

1
dx

x
 converges or diverges 

Solution 
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1

0
0

1

0
0

)1(lnlim
1

1
lim

1

1 






xdx

x
dx

x
  





ln1lnlim

0
 

                   . 

Since the limit does not exist, then the improper integral diverges. 

Example (8)   

Discuss whether the improper integral 


1

1

1
dx

x
 converges or diverges 

Solution 

  
 



1

1

0

1

1

0
x

dx

x

dx

x

dx

x

dx

x

dx
  








1

0
1

0
2

2

1

1

limlim







 

                                        1

2
2

1

1

1

010
lnlimlnlim






xx

 




  

                                       2
0

1
0

lnlimlnlim
21





 

    

 



 143 

Since both limits do not exist, therefore the Improper integral diverges.  

However: 

 




 

1

1
0

lim




 x

dx

x

dx     0lnlnlim
11

10




  




xx  

Therefore, the principal value of the improper integral converges. 

 

Remark (1) 

It must be noted that the domination comparison test can be applied also for the second type 

as follows. 

Let )(xf and )(xg  be continuous and let )()(0 xgxf   for every ],[ bax  . If )(xf and 

)(xg  are infinite at ax  , then 

1. If   
b

a

dxxg )( converges, 
b

a

dxxf )( also converges. 

2. If   
b

a

dxxf )( diverges, 
b

a

dxxg )( also diverges. 

 

Example (9)   

Determine whether the improper integral  

3

0

2)3(

cosh
dx

x
 converges or diverges 

Solution 

Since 
22 )3(

1

)3(

cosh




 xx

x
 ]3,0[ x  and, 
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1
dx

x
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0 3
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1
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 3

11
lim

0 
  

                                       . 

Hence the integral  

3

0

2)3(

1
dx

x
diverges and so the integral   

3

0

2)3(

cosh
dx

x

x
 diverges. 
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Remark (2) 

It is possible to face improper integrals which combine the two types. In this case the 

analysis which was performed separately for each type will be combined together as will be 

seen from the following examples: 

 

Example (10)   

Determine whether the improper integral 


0 x

dx
 converges or diverges 

Solution 




0 x

dx     
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000

rx
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r

r

r
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. 

Therefore, the improper integral diverges. 

 

Example (11)   

If 1p , show that the improper integral 


1
)(ln pxx

dx
 converges or diverges 

Solution 
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Since 1p , both terms tend to zero and hence the improper integral converges. 
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Exercises (6.2)   

Determine whether each of the following improper integral 

converge or diverge. For those which converge, find their values whenever possible. 
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